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\centerline{POTENTIAL THEORY FOR QUASILINIEAR ELLIPTIC }

\centerline{EQUATIONS }

\centerline{A . BAALAL $ \& $ A . BOUKRICHA }

\centerline{DEDICATED TO PROF . WOLFHARD HANSEN ON HIS 60 TH BIRTHDAY }

\centerline{Abstract . \quad We d i s c u s s the p o t e n t i a l theory a s s o c i a t e d with the q u a s i l i n e a r }

\centerline{ e l l i p t i c equat ion }

\ [ − div ( A ( x , \nabla u ) ) + B ( x , u ) =
0 . \ ]

\centerline{We study the v a l i d i t y o f Bauer convergence property , the Bre lo t convergence }

\centerline{property . \quad We d i s c u s s the v a l i d i t y o f the K e l l e r − Osserman property and the }

\centerline{ e x i s t e n c e o f Evans f u n c t i o n s . }

\noindent 1 . \quad In t roduc t i on
This paper i s devoted to a study o f the q u a s i l i n e a r e l l i p t i c equat ion

\begin { a l i g n ∗}
− div ( A ( x , \nabla u ) ) + B ( x , u ) = 0
, \ tag ∗{$ ( 1 . 1 ) $}
\end{ a l i g n ∗}

\noindent where $ A : R ˆ{ d } \times R ˆ{ d } \rightarrow R ˆ{ d }$ and
$ B : R ˆ{ d } \times R \rightarrow R $ are Carath $ \acute{e} $ odory f u n c t i o n s s a t i s f y i n g

the s t r u c t u r e c o n d i t i o n s g iven in Assumptions ( I ) , ( A 1 ) , ( A 2 ) , ( A 3 ) , and ( M ) below .
In p a r t i c u l a r we are i n t e r e s t e d in the p o t e n t i a l theory , the degeneracy o f the shea f
o f cont inuous s o l u t i o n s and the e x i s t e n c e o f Evans f u n c t i o n s f o r the equat ion ( 1 . 1 ) .

\hspace ∗{\ f i l l }Equation o f the same type as ( 1 . 1 ) were i n v e s t i g a t e d in e a r l i e r years in many

\noindent i n t e r e s t i n g papers , [ 1 9 , 20 , 1 5 , 1 8 ] . \quad An axiomat ic p o t e n t i a l theory a s s o c i a t e d with
the equat ion div $ ( A ( x , \nabla u ) ) = 0 $ was r e c e n t l y introduced and d i s cu s s e d in \quad [ 1 0 ] .

\noindent These axiomat ic s e t t i n g are i l l u s t r a t e d by the study o f the $ p − $ Laplace equat ion

\noindent $ \Delta { p } u = $ div $ ( \mid \nabla u \mid ˆ{ p − 2 }
\nabla u ) $ obtained by $ A ( x , \xi ) = \mid \xi \mid ˆ{ p
− 2 } \xi $ f o r every $ x \ in R ˆ{ d }$ and $ \xi \ in R ˆ{ d } . $

\noindent We have $ \Delta { 2 } = \Delta $ where $ \Delta , $ the Laplace operator on
$ R ˆ{ d } . $

\hspace ∗{\ f i l l }Our paper i s organ ized as f o l l o w s : \quad In the second s e c t i o n we int roduce the ba −

\noindent s i c notat ion . \quad In the t h i rd s e c t i o n we pre sent the s t r u c t u r e c o n d i t i o n s needed f o r
the mappings $ A $ and $ B $ in order to con s id e r the equat ion ( 1 . 1 ) . \quad We then use the
v a r i a t i o n a l i n e q u a l i t y to prove the s o l v a b i l i t y o f the v a r i a t i o n a l D i r i c h l e t problem
r e l a t e d to ( 1 . 1 ) . In s e c t i o n 4 we prove a comparison p r i n c i p l e f o r s u p e r s o l u t i o n s and
s u b s o l u t i o n s , e x i s t e n c e and uniqueness o f the D i r i c h l e t problem r e l a t e d to the shea f
$ H $ o f cont inuous s o l u t i o n s o f ( 1 . 1 ) , as we l l as the e x i s t e n c e o f a b a s i s o f r e g u l a r s e t s
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POTENTIAL THEORY FOR QUASILINIEAR ELLIPTIC
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A . BAALAL & A . BOUKRICHA

DEDICATED TO PROF . WOLFHARD HANSEN ON HIS 60 TH BIRTHDAY

Abstract . We discuss the potential theory associated with the quasilinear

elliptic equation

−div(A(x,∇u)) + B(x, u) = 0.

We study the validity of Bauer convergence property , the Brelot convergence

property . We discuss the validity of the Keller - Osserman property and the

existence of Evans functions .

1 . Introduction This paper is devoted to a study of the quasilinear elliptic equation

−div(A(x,∇u)) + B(x, u) = 0, (1.1)

where A : Rd × Rd → Rd and B : Rd × R→ R are Carath é odory functions satisfying the
structure conditions given in Assumptions ( I ) , ( A 1 ) , ( A 2 ) , ( A 3 ) , and ( M )
below . In particular we are interested in the potential theory , the degeneracy of the sheaf
of continuous solutions and the existence of Evans functions for the equation ( 1 . 1 ) .

Equation of the same type as ( 1 . 1 ) were investigated in earlier years in many
interesting papers , [ 1 9 , 20 , 1 5 , 1 8 ] . An axiomatic potential theory associated with
the equation div (A(x,∇u)) = 0 was recently introduced and discussed in [ 1 0 ] .
These axiomatic setting are illustrated by the study of the p− Laplace equation
∆pu = div (| ∇u |p−2 ∇u) obtained by A(x, ξ) =| ξ |p−2 ξ for every x ∈ Rd and ξ ∈ Rd.
We have ∆2 = ∆ where ∆, the Laplace operator on Rd.

Our paper is organized as follows : In the second section we introduce the ba -
sic notation . In the third section we present the structure conditions needed for the
mappings A and B in order to consider the equation ( 1 . 1 ) . We then use the variational
inequality to prove the solvability of the variational Dirichlet problem related to ( 1 . 1 ) .
In section 4 we prove a comparison principle for supersolutions and subsolutions , existence
and uniqueness of the Dirichlet problem related to the sheaf H of continuous solutions of
( 1 . 1 ) , as well as the existence of a basis of regular sets

1 99 1 Mathematics Subject Classification . 3 1 C 1 5 , 35 J 60 .
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\noindent 2 \ h f i l l A . BAALAL $ \& $ A . BOUKRICHA \ h f i l l EJDE −− 2 0 1 / 3 1

\noindent s t a b l e by i n t e r s e c t i o n . In the f i f t h s e c t i o n we d i s c u s s the p o t e n t i a l theory a s s o c i a t e d
with equat ion ( 1 . 1 ) , prove that the harmonic shea f $ H $ o f s o l u t i o n s o f ( 1 . 1 ) s a t i s f i e s
the Bauer convergence property , then int roduce the presheaves o f hyper − harmonic
f u n c t i o n s $ ∗ { H }$ and o f hypoharmonic f u n c t i o n s $ ∗ ˆ{ H }$ and prove a comparison p r i n c i p l e .
In the s i x t h s e c t i o n we prove , us ing the o b s t a c l e problem , that $ ∗ { H }$ and

$ ∗ ˆ{ H }$ are
sheaves . \quad In the seventh s e c t i o n we study the degeneracy o f the shea f $ H ; $

we are
not ab le to prove that the shea f $ H $ i s non degenerate even i f we have the f o l l o w i n g
Harnack i n e q u a l i t y [ 1 9 , 20 , 1 8 , 4 ] :

\hspace ∗{\ f i l l }For every open domain $ U $ in $ R ˆ{ d }$ and every compact subset
$ K $ o f $ U $ the re e x i s t s

\noindent two non − negat ive cons tant s $ c { 1 }$ and $ c { 2 }$ such that f o r every
$ h \ in H ˆ{ + } ( U ) , $

\ [ \sup { K } h \ l e q s l a n t c { 1 } \ inf { K } h + c { 2 } . \ ]

\hspace ∗{\ f i l l }Let $ U $ be an open subset o f $ R ˆ{ d } , d \ geq s l an t 1 $
and $ \alpha $ a p o s i t i v e r e a l number , l e t $ 0 < \varepsilon < 1 $

\ [ d \ ]

\noindent and $ b $ be a non − negat ive func t i on in $ L ˆ{ p − \varepsilon } { l o
c } ( R ˆ{ d } ) . $ \ h f i l l For every open $ U $ we cons id e r the

\noindent s e t $ H { \alpha } ( U ) $ o f a l l f u n c t i o n s $ u \ in W ˆ{ 1 ,
p } { l o c } ( U ) \cap C ( U ) $ which are s o l u t i o n s o f the equat ion

\noindent ( 1 . 1 ) with $ B ( x , \zeta ) = b ( x ) $ sgn $ (
\zeta ) \mid \zeta \mid ˆ{ \alpha } , $ then $ ( R ˆ{ d } , H { \alpha }
) $ i s a non l in ea r Bauer space . \ h f i l l In

\noindent p a r t i c u l a r $ H { \alpha }$ i s non degenerate on $ R ˆ{ d } . $ \ h f i l l For
$ \alpha < p − 1 , $ the Harnack i n e q u a l i t y

\noindent and the Bre lo t convergence property are v a l i d , but in con t ra s t to the l i n e a r and
q u a s i l i n e a r theory ( s ee e . g $ . [ 1 0 ] ) ( R ˆ{ d } , H { \alpha }

) $ i s not e l l i p t i c in the sense o f D e f i n i t i o n
7 . 1 . In the e ighth s e c t i o n , we d e f i n e , as in [ 5 ] , r e g u l a r Evans f u n c t i o n s $ u $

tending to
the i n f i n i t y ( or exp lod ing ) at the r e g u l a r boundary po in t s o f $ U . $ We assume that

$ A $

\noindent s a t i s f i e s the f o l l o w i n g supplementary d e r i v a b i l i t y and homogeneity c o n d i t i o n s :

$ \bullet $ For every $ x { 0 } \ in R ˆ{ d } , $ \quad the func t i on $ F $ from
$ R ˆ{ d }$ to $ R ˆ{ d }$ \quad de f ined by $ F ( x ) = $

$ A ( x , x − x { 0 } ) $ i s d i f f e r e n t i a b l e and div $ F $ i s l o c a l l y ( e s s e n t i a l l y ) bounded .

\centerline{ $ \bullet A ( x , \lambda \xi ) = \lambda \mid \lambda
\mid ˆ{ p − 2 } A ( x , \xi ) $ f o r every $ \lambda \ in R $ and every
$ x , \xi \ in R ˆ{ d } . $ }

\hspace ∗{\ f i l l }These c o n d i t i o n s are s a t i s f i e d in the p a r t i c u l a r case o f the $ p − $
Laplace operator

\noindent with $ p \ geq s l an t 2 . $ We then prove that f o r every $ \alpha >
p − 1 , $ the K e l l e r − Osserman property

in $ ( R ˆ{ d } , H { \alpha } ) $ i s v a l i d ; i . \quad e . , every open b a l l admits a r e g u l a r Evans func t i on , which
y i e l d s the v a l i d i t y o f the Bre lo t convergence property . Among othe r s , we prove f o r
$ \alpha > p − 1 $ a theorem o f the L i o u v i l l e type in the form $ H { \alpha }

( R ˆ{ d } ) = \{ 0 \} . $ \quad F i n a l l y in

\noindent the ninth s e c t i o n , we con s id e r some a p p l i c a t i o n s o f the prev ious r e s u l t s to the case

\noindent o f the $ p − $ Laplace operator , where we a l s o prove the uniqueness o f the r e g u l a r Evans

\noindent f unc t i on f o r s t a r domain and s t r i c t p o s i t i v e $ b $ and $ H { \alpha }$
f o r $ \alpha > p − 1 . $

Note that our methods are a p p l i c a b l e to broader c l a s s o f weighted equat ions ( s ee
[ 1 0 ] ) . The use o f the constant weight $ \equiv 1 $ i s only f o r sake o f s i m p l i c i t y .

\centerline {2 . \quad Notation }

We int roduce the ba s i c notat ion which w i l l be observed throughout t h i s paper .
$ R ˆ{ d }$ i s the r e a l Eucl idean $ d − $ space $ , d \geq 2 . $ \quad For an open s e t

$ U $ o f $ R ˆ{ d }$ and an p o s i t i v e
i n t e g e r $ k , C ˆ{ k } ( U ) $ i s the s e t o f a l l $ k $ t imes cont inuous ly d i f f e r e n t i a b l e f u n c t i o n s on an

\noindent open s e t $ U . C ˆ{ \ infty } ( U ) : = \bigcap { k \geq
1 } C ˆ{ k } ( U ) $ and $ C ˆ{ \ infty } { c } ( U ) $ the s e t o f a l l f u n c t i o n s in
$ C ˆ{ \ infty } ( U ) $

compactly supported by $ U . $ \quad For a measurable s e t $ X , B ( X
) $ denotes the s e t o f a l l

\noindent Bore l numerica l f u n c t i o n s on $ X $ and f o r $ q \geq 1 , L ˆ{ q }
( X ) $ i s the $ q ˆ{ t h } − $ power Lebesgue

space de f ined on $ X . $ Given any s e t $ Y $ o f f u n c t i o n s $ Y { b } ( Y ˆ{ + }$
resp . ) denote the s e t o f

a l l f u n c t i o n s in $ Y $ which are bounded ( p o s i t i v e resp $ . ) . W ˆ{ 1 ,
q } ( U ) $ i s the $ ( 1 , q ) − $ Sobolev

\noindent space on $ U . W ˆ{ 1 , q } { 0 } ( U ) $ the c l o s u r e o f $ C ˆ{ \ infty } { c }
( U ) $ in $ W ˆ{ 1 , q } ( U ) , $ \ h f i l l r e l a t i v e l y to i t s norm .
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stable by intersection period In the fifth section we discuss the potential theory associated
with equation open parenthesis 1 period 1 closing parenthesis comma prove that the harmonic sheaf H of solutions

of open parenthesis 1 period 1 closing parenthesis satisfies
the Bauer convergence property comma then introduce the presheaves of hyper hyphen harmonic
functions * sub H and of hypoharmonic functions * to the power of H and prove a comparison principle period
In the sixth section we prove comma using the obstacle problem comma that * sub H and * to the power of H are
sheaves period .. In the seventh section we study the degeneracy of the sheaf H semicolon we are
not able to prove that the sheaf H is non degenerate even if we have the following
Harnack inequality open square bracket 1 9 comma 20 comma 1 8 comma 4 closing square bracket :
For every open domain U in R to the power of d and every compact subset K of U the re exists
two non hyphen negative constants c sub 1 and c sub 2 such that for every h in H to the power of plus open

parenthesis U closing parenthesis comma
supremum K h leqslant c sub 1 inf K h plus c sub 2 period
Let U be an open subset of R to the power of d comma d geqslant 1 and alpha a positive real number comma let
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d
and b be a non hyphen negative function in L sub lo c to the power of p minus epsilon open parenthesis R to the

power of d closing parenthesis period .... For every open U we consider the
set H sub alpha open parenthesis U closing parenthesis of all functions u in W sub lo c to the power of 1 comma

p open parenthesis U closing parenthesis cap C open parenthesis U closing parenthesis which are solutions of the
equation

open parenthesis 1 period 1 closing parenthesis with B open parenthesis x comma zeta closing parenthesis = b
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Harnack inequality

and the Brelot convergence property are valid comma but in contrast to the linear and
quasilinear theory open parenthesis see e period g period open square bracket 1 0 closing square bracket closing

parenthesis open parenthesis R to the power of d comma H sub alpha closing parenthesis is not elliptic in the sense
of Definition

7 period 1 period In the eighth section comma we define comma as in open square bracket 5 closing square bracket
comma regular Evans functions u tending to

the infinity open parenthesis or exploding closing parenthesis at the regular boundary points of U period We
assume that A

satisfies the following supplementary derivability and homogeneity conditions :
bullet For every x sub 0 in R to the power of d comma .. the function F from R to the power of d to R to the

power of d .. defined by F open parenthesis x closing parenthesis =
A open parenthesis x comma x minus x sub 0 closing parenthesis is differentiable and div F is lo cally open

parenthesis essentially closing parenthesis bounded period
bullet A open parenthesis x comma lambda xi closing parenthesis = lambda bar lambda bar to the power of p

minus 2 A open parenthesis x comma xi closing parenthesis for every lambda in R and every x comma xi in R to the
power of d period

These conditions are satisfied in the particular case of the p hyphen Laplace operator
with p geqslant 2 period We then prove that for every alpha greater p minus 1 comma the Keller hyphen Osserman

property
in open parenthesis R to the power of d comma H sub alpha closing parenthesis is valid semicolon i period .. e

period comma every open ball admits a regular Evans function comma which
yields the validity of the Brelot convergence property period Among others comma we prove for
alpha greater p minus 1 a theorem of the Liouville type in the form H sub alpha open parenthesis R to the power

of d closing parenthesis = open brace 0 closing brace period .. Finally in
the ninth section comma we consider some applications of the previous results to the case
of the p hyphen Laplace operator comma where we also prove the uniqueness of the regular Evans
function for star domain and strict positive b and H sub alpha for alpha greater p minus 1 period
Note that our methods are applicable to broader class of weighted equations open parenthesis see
open square bracket 1 0 closing square bracket closing parenthesis period The use of the constant weight equiv 1

is only for sake of simplicity period
2 period .. Notation
We introduce the basic notation which will be observed throughout this paper period
R to the power of d is the real Euclidean d hyphen space comma d greater equal 2 period .. For an open set U of

R to the power of d and an positive
integer k comma C to the power of k open parenthesis U closing parenthesis is the set of all k t imes continuously

differentiable functions on an
open set U period C to the power of infinity open parenthesis U closing parenthesis : = intersection of sub k

greater equal 1 C to the power of k open parenthesis U closing parenthesis and C sub c to the power of infinity open
parenthesis U closing parenthesis the set of all functions in C to the power of infinity open parenthesis U closing
parenthesis

compactly supported by U period .. For a measurable set X comma B open parenthesis X closing parenthesis
denotes the set of all

Borel numerical functions on X and for q greater equal 1 comma L to the power of q open parenthesis X closing
parenthesis is the q to the power of t h minus power Lebesgue

space defined on X period Given any set Y of functions Y sub b open parenthesis Y to the power of plus resp
period closing parenthesis denote the set of

all functions in Y which are bounded open parenthesis positive resp period closing parenthesis period W to the
power of 1 comma q open parenthesis U closing parenthesis is the open parenthesis 1 comma q closing parenthesis
hyphen Sobolev

space on U period W sub 0 to the power of 1 comma q open parenthesis U closing parenthesis the closure of C sub
c to the power of infinity open parenthesis U closing parenthesis in W to the power of 1 comma q open parenthesis U
closing parenthesis comma .... relatively to its norm period
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stable by intersection . In the fifth section we discuss the potential theory associated with
equation ( 1 . 1 ) , prove that the harmonic sheaf H of solutions of ( 1 . 1 ) satisfies the
Bauer convergence property , then introduce the presheaves of hyper - harmonic functions
∗H and of hypoharmonic functions ∗H and prove a comparison principle . In the sixth
section we prove , using the obstacle problem , that ∗H and ∗H are sheaves . In the
seventh section we study the degeneracy of the sheaf H; we are not able to prove that the
sheaf H is non degenerate even if we have the following Harnack inequality [ 1 9 , 20 , 1 8
, 4 ] :

For every open domain U in Rd and every compact subset K of U the re exists
two non - negative constants c1 and c2 such that for every h ∈ H+(U),

sup
K
h 6 c1 inf

K
h+ c2.

Let U be an open subset of Rd, d > 1 and α a positive real number , let 0 < ε < 1

d

and b be a non - negative function in Lp−εloc (Rd). For every open U we consider the

set Hα(U) of all functions u ∈ W1,p
loc (U) ∩ C(U) which are solutions of the equation

( 1 . 1 ) with B(x, ζ) = b(x) sgn (ζ) | ζ |α, then (Rd,Hα) is a nonlinear Bauer space . In
particular Hα is non degenerate on Rd. For α < p− 1, the Harnack inequality
and the Brelot convergence property are valid , but in contrast to the linear and quasilinear
theory ( see e . g . [10])(Rd,Hα) is not elliptic in the sense of Definition 7 . 1 . In the
eighth section , we define , as in [ 5 ] , regular Evans functions u tending to the infinity (
or exploding ) at the regular boundary points of U. We assume that A
satisfies the following supplementary derivability and homogeneity conditions :
• For every x0 ∈ Rd, the function F from Rd to Rd defined by F (x) =

A(x, x− x0) is differentiable and div F is lo cally ( essentially ) bounded .
•A(x, λξ) = λ | λ |p−2 A(x, ξ) for every λ ∈ R and every x, ξ ∈ Rd.

These conditions are satisfied in the particular case of the p− Laplace operator
with p > 2. We then prove that for every α > p − 1, the Keller - Osserman property in
(Rd,Hα) is valid ; i . e . , every open ball admits a regular Evans function , which yields
the validity of the Brelot convergence property . Among others , we prove for α > p− 1 a
theorem of the Liouville type in the form Hα(Rd) = {0}. Finally in
the ninth section , we consider some applications of the previous results to the case
of the p− Laplace operator , where we also prove the uniqueness of the regular Evans
function for star domain and strict positive b and Hα for α > p− 1.

Note that our methods are applicable to broader class of weighted equations ( see [ 1 0
] ) . The use of the constant weight ≡ 1 is only for sake of simplicity .

2 . Notation
We introduce the basic notation which will be observed throughout this paper . Rd is

the real Euclidean d− space , d ≥ 2. For an open set U of Rd and an positive integer
k, Ck(U) is the set of all k t imes continuously differentiable functions on an
open set U. C∞(U) :=

⋂
k≥1 Ck(U) and C∞c (U) the set of all functions in C∞(U) compactly

supported by U. For a measurable set X,B(X) denotes the set of all
Borel numerical functions on X and for q ≥ 1, Lq(X) is the qth− power Lebesgue space
defined on X. Given any set Y of functions Yb(Y+ resp . ) denote the set of all functions
in Y which are bounded ( positive resp .).W1,q(U) is the (1, q)− Sobolev
space on U. W1,q

0 (U) the closure of C∞c (U) in W1,q(U), relatively to its norm .
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\noindent $ W ˆ{ − 1 q { , }ˆ{ \prime }} ( U ) $ i s the dual o f $ W ˆ{ 1
, q } { 0 } ( U ) , q ˆ{ \prime } = q ( q − 1 ) ˆ{ − 1 } .
u \wedge v ( $ resp $ . u \vee v ) $ i s the

\noindent infinimum ( resp . the maximum ) o f $ u $ and $ v ; u ˆ{ + } = u
\vee 0 $ and $ u ˆ{ − } = u \wedge 0 . $

\centerline {3 . \quad Exis tence and Uniqueness o f S o l u t i o n s }

\hspace ∗{\ f i l l }Let $ \Omega $ be a bounded open subset o f $ R ˆ{ d } ( d \ geq s l an t
1 ) . $ We w i l l i n v e s t i g a t e the e x i s t e n c e

\noindent o f s o l u t i o n s $ u \ in W ˆ{ 1 , p } ( \Omega ) , 1 < p
\ l e q s l a n t d , $ o f the v a r i a t i o n a l D i r i c h l e t problem a s s o c i a t e d

\noindent with the q u a s i l i n e a r e l l i p t i c equat ion

\ [ − div ( A ( x , \nabla u ) ) + B ( x , u ) =
0 . \ ]

In t h i s paper we suppose that the f u n c t i o n s $ A : R ˆ{ d } \times R ˆ{ d } \rightarrow
R ˆ{ d }$ and $ B : R ˆ{ d } \times $

$ R \rightarrow R $ are g iven Carath $ \acute{e} $ odory f u n c t i o n s and the f o l l o w i n g s t r u c t u r e c o n d i t i o n s are

\begin { a l i g n ∗}
s a t i s f i ed :
\end{ a l i g n ∗}

\noindent ( I $ ) \zeta \rightarrow B ( x , \zeta ) $ i s i n c r e a s i n g and
$ B ( x , 0 ) = 0 $ f o r every $ x \ in R ˆ{ d } . $

( A 1 ) \quad There e x i s t s $ 0 < \varepsilon < 1 $ such that f o r any $ u
\ in L ˆ{ \ infty } ( R ˆ{ d } ) , $

\ [ B ( . , u ( . ) ) \ in L ˆ{ p − \varepsilon }ˆ{ l o c } { d }
( R ˆ{ d } ) . \ ]

\centerline {( A 2 ) \quad There e x i s t s $ \nu > 0 $ such that f o r every $ \xi
\ in R ˆ{ d } , $ }

\ [ \mid A ( x , \xi ) \mid \ l e q s l a n t \nu \mid \xi \mid ˆ{ p
− 1 } . \ ]

\centerline {( A 3 ) \quad There e x i s t s $ \mu > 0 $ such that f o r every $ \xi
\ in R ˆ{ d } , $ }

\ [ A ( x , \xi ) . \xi \ geq s l an t \mu \mid \xi \mid ˆ{ p } . \ ]

\centerline {( M ) \quad For a l l $ \xi , \xi ˆ{ \prime } \ in R ˆ{ d }$ with $ \xi
\ne \xi ˆ{ \prime } , $ }

\ [ [ A ( x , \xi ) − A ( x , \xi ˆ{ \prime } ) ] \cdot
( \xi − \xi ˆ{ \prime } ) > 0 . \ ]

We r e c a l l that assumptions ( A 2 ) , ( A 3 ) and ( M ) are s a t i s f i e d in the framework
o f [ 1 0 ] when the admi s s i b l e weight i s $ \omega \equiv 1 . $

\hspace ∗{\ f i l l }Reca l l that $ u \ in W ˆ{ 1 , p } { l o c } ( \Omega ) $
i s a s o l u t i o n o f ( 1 . 1 ) in $ \Omega $ provided that f o r a l l $ \phi \ in $

\ [\ begin { a l i gned } W ˆ{ 1 , p } { 0 } ( \Omega ) and B ( . , u )
\ in L ˆ{ p ˆ{ ∗ ˆ{ \prime }}} { l o c } ( \Omega ) , \\
\ int { \Omega } A ( x , \nabla u ) \cdot \nabla \phi dx +

\ int { \Omega } B ( x , u ) \phi dx = 0 . ( 3 . 1 ) \end{ a l i gned }\ ]

\noindent A func t i on $ u \ in W ˆ{ 1 , p } { l o c } ( \Omega ) $ i s termed s u b s o l u t i o n s ( re sp . \quad s u p e r s o l u t i o n s ) o f ( 1 . 1 ) i f f o r
a l l non − negat ive f u n c t i o n s $ \phi \ in W ˆ{ 1 , p } { 0 } ( \Omega ) $

and $ B ( . , u ) \ in L ˆ{ p ˆ{ ∗ ˆ{ \prime }}} { l o c } ( \Omega
) , $

\ [ \ int { \Omega } A ( x , \nabla u ) \cdot \nabla \phi dx +
\ int { \Omega } B ( x , u ) \phi dx \ l e q s l a n t 0 ( resp . \ geq s l an t
0 ) . \ ]

\noindent I f $ u $ i s a bounded subso lu t i on ( resp . bounded s u p e r s o l u t i o n ) , then f o r every
$ k \ geq s l an t 0 , $

$ u − k ( $ resp $ . u + k ) $ i s a l s o subso lu t i on ( resp . s u p e r s o l u t i o n ) f o r ( 1 . 1 ) .

\centerline{For a p o s i t i v e constant $ M $ and $ u \ in L ˆ{ p } ( \Omega )
, $ we d e f i n e the truncated func t i on }

\ [\ l e f t . \tau { M } ( u ) ( x ) = brace l e f tmid−b r a c e l e f t b t \begin { a l i gned } &
− M u ( x ) \ l e q s l a n t − M \\

& u ( x ) − M < u ( x ) < M \\
& M , M \ l e q s l a n t u ( x ) \end{ a l i gned }\ right . \ ]

\noindent ( a . e $ . x \ in \Omega ) . $ I t i s c l e a r that the t runcat i on mapping
$ \tau { M }$ i s bounded and cont inuous

from $ L ˆ{ p } ( \Omega ) $ to i t s e l f .
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W to the power of minus 1 q comma to the power of prime open parenthesis U closing parenthesis is the dual of
W sub 0 to the power of 1 comma q open parenthesis U closing parenthesis comma q to the power of prime = q open
parenthesis q minus 1 closing parenthesis to the power of minus 1 period u and v open parenthesis resp period u or v
closing parenthesis is the

infinimum open parenthesis resp period the maximum closing parenthesis of u and v semicolon u to the power of
plus = u or 0 and u to the power of minus = u and 0 period

3 period .. Existence and Uniqueness of Solutions
Let Capital Omega be a bounded open subset of R to the power of d open parenthesis d geqslant 1 closing

parenthesis period We will investigate the existence
of solutions u in W to the power of 1 comma p open parenthesis Capital Omega closing parenthesis comma 1 less

p leqslant d comma of the variational Dirichlet problem associated
with the quasilinear elliptic equation
minus div open parenthesis A open parenthesis x comma nabla u closing parenthesis closing parenthesis plus B

open parenthesis x comma u closing parenthesis = 0 period
In this paper we suppose that the functions A : R to the power of d times R to the power of d right arrow R to

the power of d and B : R to the power of d times
R right arrow R are given Carath acute-e odory functions and the following structure conditions are
satisfied :
open parenthesis I closing parenthesis zeta right arrow B open parenthesis x comma zeta closing parenthesis is

increasing and B open parenthesis x comma 0 closing parenthesis = 0 for every x in R to the power of d period
open parenthesis A 1 closing parenthesis .. There exists 0 less epsilon less 1 such that for any u in L to the power

of infinity open parenthesis R to the power of d closing parenthesis comma
B open parenthesis period comma u open parenthesis period closing parenthesis closing parenthesis in L to the

power of p minus epsilon from lo c to d open parenthesis R to the power of d closing parenthesis period
open parenthesis A 2 closing parenthesis .. There exists nu greater 0 such that for every xi in R to the power of d

comma
bar A open parenthesis x comma xi closing parenthesis bar leqslant nu bar xi bar to the power of p minus 1 period
open parenthesis A 3 closing parenthesis .. There exists mu greater 0 such that for every xi in R to the power of

d comma
A open parenthesis x comma xi closing parenthesis period xi geqslant mu bar xi bar to the power of p period
open parenthesis M closing parenthesis .. For all xi comma xi to the power of prime in R to the power of d with

xi equal-negationslash xi to the power of prime comma
open square bracket A open parenthesis x comma xi closing parenthesis minus A open parenthesis x comma xi

to the power of prime closing parenthesis closing square bracket times open parenthesis xi minus xi to the power of
prime closing parenthesis greater 0 period

We recall that assumptions open parenthesis A 2 closing parenthesis comma open parenthesis A 3 closing paren-
thesis and open parenthesis M closing parenthesis are satisfied in the framework

of open square bracket 1 0 closing square bracket when the admissible weight is omega equiv 1 period
Recall that u in W sub lo c to the power of 1 comma p open parenthesis Capital Omega closing parenthesis is a s

o lutio n of open parenthesis 1 period 1 closing parenthesis in Capital Omega provided that for all phi in
Line 1 W sub 0 to the power of 1 comma p open parenthesis Capital Omega closing parenthesis and B open

parenthesis period comma u closing parenthesis in L sub lo c to the power of p to the power of * to the power of prime
open parenthesis Capital Omega closing parenthesis comma Line 2 integral sub Capital Omega A open parenthesis x
comma nabla u closing parenthesis times nabla phi dx plus integral sub Capital Omega B open parenthesis x comma
u closing parenthesis phi dx = 0 period open parenthesis 3 period 1 closing parenthesis

A function u in W sub lo c to the power of 1 comma p open parenthesis Capital Omega closing parenthesis is
termed subsolutions open parenthesis resp period .. supersolutions closing parenthesis of open parenthesis 1 period 1
closing parenthesis if for

all non hyphen negative functions phi in W sub 0 to the power of 1 comma p open parenthesis Capital Omega
closing parenthesis and B open parenthesis period comma u closing parenthesis in L sub lo c to the power of p to the
power of * to the power of prime open parenthesis Capital Omega closing parenthesis comma

integral sub Capital Omega A open parenthesis x comma nabla u closing parenthesis times nabla phi dx plus
integral sub Capital Omega B open parenthesis x comma u closing parenthesis phi dx leqslant 0 open parenthesis resp
period geqslant 0 closing parenthesis period

If u is a bounded subsolution open parenthesis resp period bounded supersolution closing parenthesis comma then
for every k geqslant 0 comma

u minus k open parenthesis resp period u plus k closing parenthesis is also subsolution open parenthesis resp period
supersolution closing parenthesis for open parenthesis 1 period 1 closing parenthesis period

For a positive constant M and u in L to the power of p open parenthesis Capital Omega closing parenthesis comma
we define the truncated function

tau sub M open parenthesis u closing parenthesis open parenthesis x closing parenthesis = Case 1 minus M u open
parenthesis x closing parenthesis leqslant minus M Case 2 u open parenthesis x closing parenthesis minus M less u
open parenthesis x closing parenthesis less M Case 3 M comma M leqslant u open parenthesis x closing parenthesis

open parenthesis a period e period x in Capital Omega closing parenthesis period It is clear that the truncation
mapping tau sub M is bounded and continuous

from L to the power of p open parenthesis Capital Omega closing parenthesis to itself period
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W−1q′,(U) is the dual of W1,q
0 (U), q′ = q(q − 1)−1. u ∧ v( resp . u ∨ v) is the

infinimum ( resp . the maximum ) of u and v;u+ = u ∨ 0 and u− = u ∧ 0.
3 . Existence and Uniqueness of Solutions

Let Ω be a bounded open subset of Rd(d > 1). We will investigate the existence
of solutions u ∈ W1,p(Ω), 1 < p 6 d, of the variational Dirichlet problem associated
with the quasilinear elliptic equation

−div(A(x,∇u)) + B(x, u) = 0.

In this paper we suppose that the functions A : Rd×Rd → Rd and B : Rd× R→ R are
given Carath é odory functions and the following structure conditions are

satisfied :

( I ) ζ → B(x, ζ) is increasing and B(x, 0) = 0 for every x ∈ Rd. ( A 1 ) There exists
0 < ε < 1 such that for any u ∈ L∞(Rd),

B(., u(.)) ∈ Lp−εloc
d (Rd).

( A 2 ) There exists ν > 0 such that for every ξ ∈ Rd,

| A(x, ξ) |6 ν | ξ |p−1 .

( A 3 ) There exists µ > 0 such that for every ξ ∈ Rd,

A(x, ξ).ξ > µ | ξ |p .

( M ) For all ξ, ξ′ ∈ Rd with ξ 6= ξ′,

[A(x, ξ)−A(x, ξ′)] · (ξ − ξ′) > 0.

We recall that assumptions ( A 2 ) , ( A 3 ) and ( M ) are satisfied in the framework
of [ 1 0 ] when the admissible weight is ω ≡ 1.

Recall that u ∈ W1,p
loc (Ω) is a s o lutio n of ( 1 . 1 ) in Ω provided that for all φ ∈

W1,p
0 (Ω)andB(., u) ∈ Lp

∗′

loc (Ω),∫
Ω

A(x,∇u) · ∇φdx+

∫
Ω

B(x, u)φdx = 0. (3.1)

A function u ∈ W1,p
loc (Ω) is termed subsolutions ( resp . supersolutions ) of ( 1 . 1 ) if

for all non - negative functions φ ∈ W1,p
0 (Ω) and B(., u) ∈ Lp

∗′

loc (Ω),∫
Ω

A(x,∇u) · ∇φdx+

∫
Ω

B(x, u)φdx 6 0 (resp. > 0).

If u is a bounded subsolution ( resp . bounded supersolution ) , then for every k > 0,
u− k( resp .u+ k) is also subsolution ( resp . supersolution ) for ( 1 . 1 ) .

For a positive constant M and u ∈ Lp(Ω), we define the truncated function

τM (u)(x) = braceleftmid− braceleftbt
−M u(x) 6 −M
u(x) −M < u(x) < M

M, M 6 u(x)

( a . e .x ∈ Ω). It is clear that the truncation mapping τM is bounded and continuous from
Lp(Ω) to itself .
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B(x, τM (u)) ∈ Lploc

∗′ (Ω), we define LM : W1,p(Ω) →

′
W−1,p(Ω)as

〈LM (u), φ〉 :=

∫
Ω

A(x,∇u) · ∇φdx+

∫
Ω

B(x, τM (u))φdx, φ ∈ W1,p
0 (Ω)

′

here 〈., .〉 is the pairing between W−1,p(Ω) and W1,p(Ω). It follows from Assump -
tions ( A 1 ) , ( A 2 ) , ( A 3 ) , and the carath é odory conditions that LM is well defined
. We consider the variational inequality

〈LM (u), v − u〉 > 0, ∀v ∈ K, u ∈ K, (3.2)

where K is a given closed convex set in W1,p(no≈l∼∼or∼ln≈ql) such that for given
f ∈ W1,p(no≈l∼∼or∼ln≈ql),

K ⊂ f +W1,p
0 (no≈l∼∼or∼ln≈ql).

Typical examples of closed convex setsK are as follows : for f ∈ W1,p(no≈l∼∼or∼ln≈ql)
and ψ1, ψ2 : Ω→ [−∞,+∞] let the convex set is

Kfψ1,ψ2 = Kfψ1,ψ2(Ω) = {u ∈ W1,p(Ω) : ψ1 ≤ u 6 ψ2 a . e . in Ω, u− f ∈ W1,p
0 (Ω)}.

( 3 . 3 ) We write Kfψ1 = Kfψ1,+∞(Ω) and , if f = ψ1 ∈ W1,p(Ω),Kf = Kff . A

function u satisfying ( 3 . 2 ) with M = +∞ and the closed convex sets Kfψ1 is called a s o

lution to the o bstacle pro b lem in Kfψ1. For the notion of obstacle problem , the reader
is referred to monograph [ 1 0 , p . 60 ] or [ 1 8 , Chap . 5 ] . We observe that any

solution of the obstacle problem in Kfψ1(Ω) is always a supersolution of the equation ( 1 .
1 ) in Ω. Conversely , a supersolution u is always a solution to the obstacle problem in
Kuu(ω) for all open ω ⊂ ω ⊂ Ω. Furthermore a solution u to equation ( 1 . 1 ) in an
open set Ω is a solution to the obstacle problem in Ku−∞(ω) for all open ω ⊂ ω ⊂ Ω.
Similarly , a solution to the obstacle problem in Ku−∞(Ω) is a solution to ( 1 . 1 ) .

For the uniqueness of a solution to the obstacle problem we have following lemma
[ 1 0 , Lemma 3 . 22 ] :
Lemma 3 . 1 . Suppose that u is a s o lution to the o bstacle problem in Kfg (Ω).

If v ∈ W1,p(Ω) is a supersolution of ( 1 . 1 ) in Ω such that u ∧ v ∈ Kfg (Ω), th en
a . e .

u 6 vinΩ.

Theorem 3 . 1 . Let ψ1 and ψ2 in L∞(no≈l∼∼or∼ln≈ql), f ∈ W1,p(no≈l∼∼or∼ln≈ql)

and Kfψ1,ψ2 as a bo ve assume that Kfψ1,ψ2 is non empty . Then for every positive
constant M, ‖ ψ1 ‖∞ ∨ ‖ ψ2 ‖∞ 6 M < +∞ th e variational inequality ( 3 . 2
) has a unique s o lutio n . Moreover , if w ∈ W1,p(Ω) is a supersolution ( resp

. subsolution ) to th e equation ( 1 . 1 ) such that w ∧ u( resp .w ∨ u) ∈ Kfψ1,ψ2, then
u 6 w( resp .w 6 u).

Proof . Let ‖ ψ1 ‖ ∞∨ ‖ ψ2 ‖ ∞ 6M < +∞. If u, v ∈ Kfψ1,ψ2 are solutions of (
3 . 2 ) , it follows from ( I ) and ( M ) that
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For $ u \ in W ˆ{ 1 , p } ( \Omega ) $ \quad and $ B ( x , \tau { M }

( u ) ) \ in L ˆ{ p }ˆ{ l o c } { ∗ ˆ{ \prime }} ( \Omega ) , $ \quad we \quad d e f i n e
$ L { M } : W ˆ{ 1 , p } ( \Omega ) \rightarrow $

\begin { a l i g n ∗}
\prime \\ W ˆ{ − 1 , p } ( \Omega ) as \\ \ langle L { M } ( u )

, \phi \rangle : = \ int { \Omega } A ( x , \nabla u ) \cdot
\nabla \phi dx + \ int { \Omega } B ( x , \tau { M } ( u ) )
\phi dx , \phi \ in W ˆ{ 1 , p } { 0 } ( \Omega ) \\ \prime
\end{ a l i g n ∗}

\noindent here $ \ langle . , . \rangle $ i s the p a i r i n g between $ W ˆ{ −
1 , p } ( \Omega ) $ and $ W ˆ{ 1 , p } ( \Omega ) . $ I t f o l l o w s from Assump −

\noindent t i o n s ( A 1 ) , ( A 2 ) , ( A 3 ) , and the carath $ \acute{e} $ odory c o n d i t i o n s that
$ L { M }$ i s we l l de f i ned .
We cons id e r the v a r i a t i o n a l i n e q u a l i t y

\begin { a l i g n ∗}
\ langle L { M } ( u ) , v − u \rangle \ geq s l an t 0 , \ f o ra l l

v \ in K , u \ in K , \ tag ∗{$ ( 3 . 2 ) $}
\end{ a l i g n ∗}

\noindent where $ K $ i s a g iven c l o s e d convex s e t in $ W ˆ{ 1 , p } ( n o t l e s s o r s l n t e q l
) $ such that f o r g iven $ f \ in W ˆ{ 1 , p } ( n o t l e s s o r s l n t e q l ) , $

\ [ K \subset f + W ˆ{ 1 , p } { 0 } ( n o t l e s s o r s l n t e q l ) . \ ]

\noindent Typical examples o f c l o s e d convex s e t s $ K $ are as f o l l o w s : f o r $ f \ in
W ˆ{ 1 , p } ( n o t l e s s o r s l n t e q l ) $ and $ \psi 1 , \psi 2 $

$ : \Omega \rightarrow [ − \ infty , + \ infty ] $ l e t the convex s e t i s

\noindent $ K ˆ{ f } { \psi 1 , \psi 2 } = K ˆ{ f } { \psi 1 , \psi
2 } ( \Omega ) = \{ u \ in W ˆ{ 1 , p } ( \Omega ) : \psi
1 \ leq u \ l e q s l a n t \psi 2 $ a . e . in $ \Omega , u − f \ in W ˆ{ 1
, p } { 0 } ( \Omega ) \} . $

( 3 . 3 )
We wr i t e $ K ˆ{ f } { \psi 1 } = K ˆ{ f } { \psi 1 , + \ infty } ( \Omega

) $ and , i f $ f = \psi 1 \ in W ˆ{ 1 , p } ( \Omega ) , K { f }
= K ˆ{ f } { f ˆ{ . }}$ \quad A func t i on $ u $

s a t i s f y i n g ( 3 . 2 ) with $ M = + \ infty $ and the c l o s e d convex s e t s $ K ˆ{ f } { \psi
1 }$ i s c a l l e d a s o l u t i o n

to the o b s t a c l e pro b lem in $ K ˆ{ f } { \psi 1 } . $ \quad For the not ion o f o b s t a c l e problem , the reader i s
r e f e r r e d to monograph [ 1 0 , p . \quad 60 ] or [ 1 8 , Chap . \quad 5 ] . \quad We observe that any s o l u t i o n
o f the o b s t a c l e problem in $ K ˆ{ f } { \psi 1 } ( \Omega ) $ i s always a s u p e r s o l u t i o n o f the equat ion ( 1 . 1 )
in $ \Omega . $ Converse ly , a s u p e r s o l u t i o n $ u $ i s always a s o l u t i o n to the o b s t a c l e problem in

\noindent $ K ˆ{ u } { u } ( \omega ) $ f o r a l l open $ \omega \subset \omega
\subset \Omega . $ \ h f i l l Furthermore a s o l u t i o n $ u $ to equat ion ( 1 . 1 ) in an

\noindent open s e t $ \Omega $ i s a s o l u t i o n to the o b s t a c l e problem in $ K ˆ{ u } { −
\ infty } ( \omega ) $ f o r a l l open $ \omega \subset \omega \subset \Omega
. $

S i m i l a r l y , a s o l u t i o n to the o b s t a c l e problem in $ K ˆ{ u } { − \ infty } ( \Omega
) $ i s a s o l u t i o n to ( 1 . 1 ) .

\hspace ∗{\ f i l l }For the uniqueness o f a s o l u t i o n to the o b s t a c l e problem we have f o l l o w i n g lemma

\noindent [ 1 0 , Lemma 3 . 22 ] :

\noindent Lemma 3 . 1 . \quad Suppose that $ u $ i s a s o l u t i o n to the o b s t a c l e problem in
$ K ˆ{ f } { g } ( \Omega ) . $ \quad I f

$ v \ in W ˆ{ 1 , p } ( \Omega ) $ \quad i s a s u p e r s o l u t i o n o f ( 1 . 1 ) in
$ \Omega $ such that $ u \wedge v \ in K ˆ{ f } { g } ( \Omega ) , $
\quad th en a . e .

\begin { a l i g n ∗}
u \ l e q s l a n t v in \Omega .
\end{ a l i g n ∗}

\noindent Theorem 3 . 1 . Let $ \psi 1 $ and $ \psi 2 $ in $ L ˆ{ \ infty } (
n o t l e s s o r s l n t e q l ) , f \ in W ˆ{ 1 , p } ( n o t l e s s o r s l n t e q l ) $ and
$ K ˆ{ f } { \psi 1 , \psi 2 }$ as a bo ve assume

that $ K ˆ{ f } { \psi 1 , \psi 2 }$ \quad i s non empty . \quad Then f o r every p o s i t i v e constant
$ M , \paral le l \psi 1 \paral le l { \ infty } \vee \paral le l \psi 2
\paral le l { \ infty }$

$ \ l e q s l a n t M < + \ infty $ \quad th e v a r i a t i o n a l i n e q u a l i t y \quad ( 3 . 2 ) \quad has a unique s o l u t i o n . \quad Moreover , \quad i f
$ w \ in W ˆ{ 1 , p } ( \Omega ) $ i s a s u p e r s o l u t i o n ( resp . \quad sub so lu t i on ) to th e equat ion ( 1 . 1 ) such that
$ w \wedge u ( $ resp $ . w \vee u ) \ in K ˆ{ f } { \psi 1 ,

\psi 2 ˆ{ , }}$ then $ u \ l e q s l a n t w ( $ resp $ . w \ l e q s l a n t u )
. $

\noindent Proof . \quad Let \quad $ \paral le l \psi 1 \paral le l \ infty \vee
\paral le l \psi 2 \paral le l \ infty \ l e q s l a n t M < + \ infty . $ \quad I f
$ u , v \ in K ˆ{ f } { \psi 1 , \psi 2 }$ are s o l u t i o n s o f ( 3 . 2 ) , i t

f o l l o w s from ( I ) and ( M ) that

\ [\ begin { a l i gned } 0 \ geq s l an t \ int { \Omega } [ A ( x , \nabla u )
− A ( x , \nabla v ) ] \cdot \nabla ( v − u ) dx \\

+ \ int { \Omega } [ B ( x , \tau { M } ( u ) ) − B ( x
, \tau { M } ( v ) ) ] ( v − u ) dx \\

= \ langle L { M } ( u ) − L { M } ( v ) , v − u \rangle
\ geq s l an t 0 , \end{ a l i gned }\ ]

4 .. A period BAALAL ampersand A period BOUKRICHA .. EJDE endash 2 0 1 slash 3 1
For u in W to the power of 1 comma p open parenthesis Capital Omega closing parenthesis .. and B open

parenthesis x comma tau sub M open parenthesis u closing parenthesis closing parenthesis in L to the power of p from
lo c to * to the power of prime open parenthesis Capital Omega closing parenthesis comma .. we .. define L sub M :
W to the power of 1 comma p open parenthesis Capital Omega closing parenthesis right arrow

prime W to the power of minus 1 comma p open parenthesis Capital Omega closing parenthesis as angbracketleft
L sub M open parenthesis u closing parenthesis comma phi right angbracket : = integral sub Capital Omega A
open parenthesis x comma nabla u closing parenthesis times nabla phi dx plus integral sub Capital Omega B open
parenthesis x comma tau sub M open parenthesis u closing parenthesis closing parenthesis phi dx comma phi in W
sub 0 to the power of 1 comma p open parenthesis Capital Omega closing parenthesis prime

here angbracketleft period comma period right angbracket is the pairing between W to the power of minus 1
comma p open parenthesis Capital Omega closing parenthesis and W to the power of 1 comma p open parenthesis
Capital Omega closing parenthesis period It follows from Assump hyphen

tions open parenthesis A 1 closing parenthesis comma open parenthesis A 2 closing parenthesis comma open
parenthesis A 3 closing parenthesis comma and the carath acute-e odory conditions that L sub M is well defined
period

We consider the variational inequality
Equation: open parenthesis 3 period 2 closing parenthesis .. angbracketleft L sub M open parenthesis u closing

parenthesis comma v minus u right angbracket geqslant 0 comma forall v in K comma u in K comma
where K is a given closed convex set in W to the power of 1 comma p open parenthesis notlessorslnteql closing

parenthesis such that for given f in W to the power of 1 comma p open parenthesis notlessorslnteql closing parenthesis
comma

K subset f plus W sub 0 to the power of 1 comma p open parenthesis notlessorslnteql closing parenthesis period
Typical examples of closed convex sets K are as follows : for f in W to the power of 1 comma p open parenthesis

notlessorslnteql closing parenthesis and psi 1 comma psi 2
: Capital Omega right arrow open square bracket minus infinity comma plus infinity closing square bracket let the

convex set is
K sub psi 1 comma psi 2 to the power of f = K sub psi 1 comma psi 2 to the power of f open parenthesis Capital

Omega closing parenthesis = open brace u in W to the power of 1 comma p open parenthesis Capital Omega closing
parenthesis : psi 1 less or equal u leqslant psi 2 a period e period in Capital Omega comma u minus f in W sub 0 to
the power of 1 comma p open parenthesis Capital Omega closing parenthesis closing brace period

open parenthesis 3 period 3 closing parenthesis
We write K sub psi 1 to the power of f = K sub psi 1 comma plus infinity to the power of f open parenthesis

Capital Omega closing parenthesis and comma if f = psi 1 in W to the power of 1 comma p open parenthesis Capital
Omega closing parenthesis comma K sub f = K sub f to the power of period to the power of f .. A function u

satisfying open parenthesis 3 period 2 closing parenthesis with M = plus infinity and the closed convex sets K sub
psi 1 to the power of f is called a s o lution

to the o bstacle pro b lem in K sub psi 1 to the power of f period .. For the notion of obstacle problem comma
the reader is

referred to monograph open square bracket 1 0 comma p period .. 60 closing square bracket or open square bracket
1 8 comma Chap period .. 5 closing square bracket period .. We observe that any solution

of the obstacle problem in K sub psi 1 to the power of f open parenthesis Capital Omega closing parenthesis is
always a supersolution of the equation open parenthesis 1 period 1 closing parenthesis

in Capital Omega period Conversely comma a supersolution u is always a solution to the obstacle problem in
K sub u to the power of u open parenthesis omega closing parenthesis for all open omega subset omega subset

Capital Omega period .... Furthermore a solution u to equation open parenthesis 1 period 1 closing parenthesis in an
open set Capital Omega is a solution to the obstacle problem in K sub minus infinity to the power of u open

parenthesis omega closing parenthesis for all open omega subset omega subset Capital Omega period
Similarly comma a solution to the obstacle problem in K sub minus infinity to the power of u open parenthesis

Capital Omega closing parenthesis is a solution to open parenthesis 1 period 1 closing parenthesis period
For the uniqueness of a solution to the obstacle problem we have following lemma
open square bracket 1 0 comma Lemma 3 period 22 closing square bracket :
Lemma 3 period 1 period .. Suppose that u is a s o lution to the o bstacle problem in K sub g to the power of f

open parenthesis Capital Omega closing parenthesis period .. If
v in W to the power of 1 comma p open parenthesis Capital Omega closing parenthesis .. is a supersolution of

open parenthesis 1 period 1 closing parenthesis in Capital Omega such that u and v in K sub g to the power of f open
parenthesis Capital Omega closing parenthesis comma .. th en a period e period

u leqslant v in Capital Omega period
Theorem 3 period 1 period Let psi 1 and psi 2 in L to the power of infinity open parenthesis notlessorslnteql closing

parenthesis comma f in W to the power of 1 comma p open parenthesis notlessorslnteql closing parenthesis and K sub
psi 1 comma psi 2 to the power of f as a bo ve assume

that K sub psi 1 comma psi 2 to the power of f .. is non empty period .. Then for every positive constant M
comma bar psi 1 bar sub infinity or bar psi 2 bar sub infinity

leqslant M less plus infinity .. th e variational inequality .. open parenthesis 3 period 2 closing parenthesis .. has
a unique s o lutio n period .. Moreover comma .. if

w in W to the power of 1 comma p open parenthesis Capital Omega closing parenthesis is a supersolution open
parenthesis resp period .. subsolution closing parenthesis to th e equation open parenthesis 1 period 1 closing paren-
thesis such that

w and u open parenthesis resp period w or u closing parenthesis in K sub psi 1 comma psi 2 to the power of comma
to the power of f then u leqslant w open parenthesis resp period w leqslant u closing parenthesis period

Proof period .. Let .. bar psi 1 bar infinity or bar psi 2 bar infinity leqslant M less plus infinity period .. If u
comma v in K sub psi 1 comma psi 2 to the power of f are solutions of open parenthesis 3 period 2 closing parenthesis
comma it

follows from open parenthesis I closing parenthesis and open parenthesis M closing parenthesis that
Line 1 0 geqslant integral sub Capital Omega open square bracket A open parenthesis x comma nabla u closing

parenthesis minus A open parenthesis x comma nabla v closing parenthesis closing square bracket times nabla open
parenthesis v minus u closing parenthesis dx Line 2 plus integral sub Capital Omega open square bracket B open
parenthesis x comma tau sub M open parenthesis u closing parenthesis closing parenthesis minus B open parenthesis
x comma tau sub M open parenthesis v closing parenthesis closing parenthesis closing square bracket open parenthesis
v minus u closing parenthesis dx Line 3 = angbracketleft L sub M open parenthesis u closing parenthesis minus L sub
M open parenthesis v closing parenthesis comma v minus u right angbracket geqslant 0 comma

0 >
∫

Ω

[A(x,∇u)−A(x,∇v)] · ∇(v − u)dx

+

∫
Ω

[B(x, τM (u))− B(x, τM (v))](v − u)dx

= 〈LM (u)− LM (v), v − u〉 > 0,
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\noindent then $ v − u $ i s constant on connected components o f $ \Omega . $
\quad This , on the other hand ,

s i n c e $ v − u \ in W ˆ{ 1 , p } { 0 } ( \Omega ) , $ i m p l i e s that
$ v = u . $

\noindent To prove the e x i s t e n c e we w i l l use [ 1 2 , Coro l l a ry I I I . 1 . 8 , p . \quad 87 ] . \quad Since
$ K ˆ{ f } { \psi 1 , \psi 2 }$

i s a non empty c l o s e d convex subset o f $ W ˆ{ 1 , p } ( \Omega ) , $ i t i s enough to prove that
$ L { M }$ i s

monotone , c o e r c i v e and weakly cont inuous on $ K ˆ{ f } { \psi 1 , \psi 2 }
. $ We have

\ [\ begin { a l i gned } \ langle L { M } ( u ) − L { M } ( v ) , u −
v \rangle = \ int { \Omega } [ A ( x , \nabla u ) − A ( x
, \nabla v ) ] \cdot \nabla ( u − v ) dx + \\

+ \ int { \Omega } [ B ( x , \tau { M } ( u ) ) − B ( x
, \tau { M } ( v ) ) ] . ( u − v ) dx \end{ a l i gned }\ ]

\noindent f o r a l l $ v , u \ in K ˆ{ f } { \psi 1 , \psi 2 }$ \quad and the s t r u c t u r e c o n d i t i o n s on
$ A $ and $ B $ y i e l d that $ L { M }$ i s

monotone and c o e r c i v e ( f o r the d e f i n i t i o n o f monotone or c o e r c i v e operator the

\noindent reader i s r e f e r r e d to [ 14 , 1 2 ] ) .

\noindent To show that $ L { M }$ i s weakly cont inuous on $ K ˆ{ f } { \psi 1
, \psi 2 } , $ l e t $ ( u { n } ) { n } \subset K ˆ{ f } { \psi 1 ,
\psi 2 }$ be a se −

quence that converges to $ u \ in K ˆ{ f } { \psi 1 , \psi 2 } . $ \quad There i s a subsequence
$ ( u { n { k }} ) k $ such that

$ u { n { k }} \rightarrow u $ and $ \nabla u { n { k }} \rightarrow \nabla
u $ po intwi se a . e . \quad in $ \Omega . $ \quad Since $ A $ and $ B $ are Carath
$ \acute{e} $ odory

\noindent f u n c t i o n s $ , A ( . , \nabla u { n { k }} ) $ \quad and $ B
( . , \tau { M } ( u { n { k }} ) ) $ \quad converges in measure to \quad
$ A ( . , \nabla u ) $ \quad and

\noindent $ B ( x , \tau { M } ( u ) ) $ r e s p e c t i v e l y [ 1 1 ] . \quad Pick a subsequence , indexed a l s o by
$ n { k } , $ such that

\noindent $ A ( . , \nabla u { n { k }} ) $ and $ B ( . , \tau { M }
( u { n { k }} ) ) $ converges po in twi se a . e . in $ \Omega $ to $ A (
. , \nabla u ) $ and $ B ( x , \tau { M } ( u ) ) $

r e s p e c t i v e l y . \quad Because $ ( u { n { k }} ) { n { k }}$ i s bounded in $ W ˆ{ 1
, p } ( \Omega ) , $ i t f o l l o w that $ ( A ( . , \nabla u { n { k }}
) ) { k }$

i s bounded in $ ( L ˆ{ p } { p − } 1 ( \Omega ) ) d $ and that $ A
( . , \nabla u { n { k }} ) \rightharpoonup A ( . , \nabla u
) $ weakly in $ ( L ˆ{ p } { p − } 1 ( \Omega ) ) ˆ{ d } { . }$
We have a l s o $ B ( . , \tau { M } ( u { n { k }} ) ) \rightharpoonup

B ( . , \tau { M } ( u ) ) $ weakly in $ L ˆ{ p ˆ{ ∗ ˆ{ \prime }}}
( \Omega ) . $ S ince the weak l i m i t s

are independent o f the cho i c e o f the subsequence , we have f o r a l l $ \phi \ in W ˆ{ 1
, p } { 0 } ( \Omega ) $

\ [ \ langle L { M } ( u { n } ) , \phi \rangle \rightarrow \ langle
L { M } ( u ) , \phi \rangle \ ]

\noindent and hence $ L { M }$ i s weakly cont inuous on $ K ˆ{ f } { \psi 1 ,
\psi 2 } . $

\noindent Let now $ w \ in W ˆ{ 1 , p } ( \Omega ) $ be a s u p e r s o l u t i o n o f the equat ion ( 1 . 1 ) such that
$ u \wedge w \ in $

$ K ˆ{ f } { \psi 1 , \psi 2 } , $ then $ u − ( u \wedge w )
\ in W ˆ{ 1 , p } { 0 } ( \Omega ) $ and we have

\ [\ begin { a l i gned } 0 \ l e q s l a n t \ int { \Omega } [ A ( x , \nabla w )
− A ( x , \nabla u ) ] \cdot \nabla ( u − ( u \wedge
w ) ) dx + \\

+ \ int { \Omega } [ B ( x , \tau { M } ( w ) ) − B ( x
, \tau { M } ( u ) ) ] . ( u − ( u \wedge w ) ) dx \\

= \ int { \{ u > w \} } [ A ( x , \nabla ( u \wedge w
) ) − A ( x , \nabla u ) ] \cdot \nabla ( u − ( u
\wedge w ) ) dx + \\

+ \ int { \{ u > w \} } [ B ( x , \tau { M } ( u \wedge
w ) ) − B ( x , \tau { M } ( u ) ) ] . ( u − ( u
\wedge w ) ) dx \\
\ l e q s l a n t 0 . \end{ a l i gned }\ ]

\centerline{ I t f o l l o w , by ( I ) and ( M ) , that $ \nabla ( u − ( u \wedge
w ) ) = 0 $ a . e . in $ \Omega $ and hence $ u \ l e q s l a n t w $ }

\noindent a . e . in $ \Omega . $ The same proo f i s v a l i d i f $ w $ i s a subso lu t i on
$ . \ square $

\noindent As an a p p l i c a t i o n o f Theorem 3 . 1 , we have the f o l l o w i n g two theorems .
Theorem 3 . 2 . \quad Let $ f \ in W ˆ{ 1 , p } ( n o t l e s s o r s l n t e q l ) \cap

L ˆ{ \ infty } ( n o t l e s s o r s l n t e q l ) $ and

\ [ K = \{ u \ in W ˆ{ 1 , p } ( \Omega ) : f \ leq u \ l e q s l a n t
\paral le l f \paral le l { \ infty } a . e . , u − f \ in W ˆ{ 1
, p } { 0 } ( \Omega ) \} . \ ]
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then v minus u is constant on connected components of Capital Omega period .. This comma on the other hand

comma
since v minus u in W sub 0 to the power of 1 comma p open parenthesis Capital Omega closing parenthesis comma

implies that v = u period
To prove the existence we will use open square bracket 1 2 comma Corollary III period 1 period 8 comma p period

.. 87 closing square bracket period .. Since K sub psi 1 comma psi 2 to the power of f
is a non empty closed convex subset of W to the power of 1 comma p open parenthesis Capital Omega closing

parenthesis comma it is enough to prove that L sub M is
monotone comma coercive and weakly continuous on K sub psi 1 comma psi 2 to the power of f period We have
Line 1 angbracketleft L sub M open parenthesis u closing parenthesis minus L sub M open parenthesis v closing

parenthesis comma u minus v right angbracket = integral sub Capital Omega open square bracket A open parenthesis
x comma nabla u closing parenthesis minus A open parenthesis x comma nabla v closing parenthesis closing square
bracket times nabla open parenthesis u minus v closing parenthesis dx plus Line 2 plus integral sub Capital Omega
open square bracket B open parenthesis x comma tau sub M open parenthesis u closing parenthesis closing parenthesis
minus B open parenthesis x comma tau sub M open parenthesis v closing parenthesis closing parenthesis closing square
bracket period open parenthesis u minus v closing parenthesis dx

for all v comma u in K sub psi 1 comma psi 2 to the power of f .. and the structure conditions on A and B yield
that L sub M is

monotone and coercive open parenthesis for the definition of monotone or coercive operator the
reader is referred to open square bracket 14 comma 1 2 closing square bracket closing parenthesis period
To show that L sub M is weakly continuous on K sub psi 1 comma psi 2 to the power of f comma let open

parenthesis u sub n closing parenthesis sub n subset K sub psi 1 comma psi 2 to the power of f be a se hyphen
quence that converges to u in K sub psi 1 comma psi 2 to the power of f period .. There is a subsequence open

parenthesis u sub n sub k closing parenthesis k such that
u sub n sub k right arrow u and nabla u sub n sub k right arrow nabla u pointwise a period e period .. in Capital

Omega period .. Since A and B are Carath acute-e odory
functions comma A open parenthesis period comma nabla u sub n sub k closing parenthesis .. and B open

parenthesis period comma tau sub M open parenthesis u sub n sub k closing parenthesis closing parenthesis .. converges
in measure to .. A open parenthesis period comma nabla u closing parenthesis .. and

B open parenthesis x comma tau sub M open parenthesis u closing parenthesis closing parenthesis respectively
open square bracket 1 1 closing square bracket period .. Pick a subsequence comma indexed also by n sub k comma
such that

A open parenthesis period comma nabla u sub n sub k closing parenthesis and B open parenthesis period comma
tau sub M open parenthesis u sub n sub k closing parenthesis closing parenthesis converges pointwise a period e period
in Capital Omega to A open parenthesis period comma nabla u closing parenthesis and B open parenthesis x comma
tau sub M open parenthesis u closing parenthesis closing parenthesis

respectively period .. Because open parenthesis u sub n sub k closing parenthesis sub n sub k is bounded in W to
the power of 1 comma p open parenthesis Capital Omega closing parenthesis comma it follow that open parenthesis
A open parenthesis period comma nabla u sub n sub k closing parenthesis closing parenthesis sub k

is bounded in open parenthesis L to the power of p sub p minus 1 open parenthesis Capital Omega closing
parenthesis closing parenthesis d and that A open parenthesis period comma nabla u sub n sub k closing parenthesis
rightharpoonup A open parenthesis period comma nabla u closing parenthesis weakly in open parenthesis L to the
power of p sub p minus 1 open parenthesis Capital Omega closing parenthesis closing parenthesis to the power of d
sub period

We have also B open parenthesis period comma tau sub M open parenthesis u sub n sub k closing parenthesis
closing parenthesis rightharpoonup B open parenthesis period comma tau sub M open parenthesis u closing parenthesis
closing parenthesis weakly in L to the power of p to the power of * to the power of prime open parenthesis Capital
Omega closing parenthesis period Since the weak limits

are independent of the choice of the subsequence comma we have for all phi in W sub 0 to the power of 1 comma
p open parenthesis Capital Omega closing parenthesis

angbracketleft L sub M open parenthesis u sub n closing parenthesis comma phi right angbracket right arrow
angbracketleft L sub M open parenthesis u closing parenthesis comma phi right angbracket

and hence L sub M is weakly continuous on K sub psi 1 comma psi 2 to the power of f period
Let now w in W to the power of 1 comma p open parenthesis Capital Omega closing parenthesis be a supersolution

of the equation open parenthesis 1 period 1 closing parenthesis such that u and w in
K sub psi 1 comma psi 2 to the power of f comma then u minus open parenthesis u and w closing parenthesis in

W sub 0 to the power of 1 comma p open parenthesis Capital Omega closing parenthesis and we have
Line 1 0 leqslant integral sub Capital Omega open square bracket A open parenthesis x comma nabla w closing

parenthesis minus A open parenthesis x comma nabla u closing parenthesis closing square bracket times nabla open
parenthesis u minus open parenthesis u and w closing parenthesis closing parenthesis dx plus Line 2 plus integral sub
Capital Omega open square bracket B open parenthesis x comma tau sub M open parenthesis w closing parenthesis
closing parenthesis minus B open parenthesis x comma tau sub M open parenthesis u closing parenthesis closing
parenthesis closing square bracket period open parenthesis u minus open parenthesis u and w closing parenthesis closing
parenthesis dx Line 3 = integral sub open brace u greater w closing brace open square bracket A open parenthesis x
comma nabla open parenthesis u and w closing parenthesis closing parenthesis minus A open parenthesis x comma
nabla u closing parenthesis closing square bracket times nabla open parenthesis u minus open parenthesis u and w
closing parenthesis closing parenthesis dx plus Line 4 plus integral sub open brace u greater w closing brace open
square bracket B open parenthesis x comma tau sub M open parenthesis u and w closing parenthesis closing parenthesis
minus B open parenthesis x comma tau sub M open parenthesis u closing parenthesis closing parenthesis closing square
bracket period open parenthesis u minus open parenthesis u and w closing parenthesis closing parenthesis dx Line 5
leqslant 0 period

It follow comma by open parenthesis I closing parenthesis and open parenthesis M closing parenthesis comma that
nabla open parenthesis u minus open parenthesis u and w closing parenthesis closing parenthesis = 0 a period e period
in Capital Omega and hence u leqslant w

a period e period in Capital Omega period The same proof is valid if w is a subsolution period square
As an application of Theorem 3 period 1 comma we have the following two theorems period
Theorem 3 period 2 period .. Let f in W to the power of 1 comma p open parenthesis notlessorslnteql closing

parenthesis cap L to the power of infinity open parenthesis notlessorslnteql closing parenthesis and
K = open brace u in W to the power of 1 comma p open parenthesis Capital Omega closing parenthesis : f less

or equal u leqslant bar f bar sub infinity a period e period comma u minus f in W sub 0 to the power of 1 comma p
open parenthesis Capital Omega closing parenthesis closing brace period
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then v − u is constant on connected components of Ω. This , on the other hand , since
v − u ∈ W1,p

0 (Ω), implies that v = u.

To prove the existence we will use [ 1 2 , Corollary III . 1 . 8 , p . 87 ] . Since Kfψ1,ψ2 is

a non empty closed convex subset of W1,p(Ω), it is enough to prove that LM is monotone

, coercive and weakly continuous on Kfψ1,ψ2. We have

〈LM (u)− LM (v), u− v〉 =

∫
Ω

[A(x,∇u)−A(x,∇v)] · ∇(u− v)dx+

+

∫
Ω

[B(x, τM (u))− B(x, τM (v))].(u− v)dx

for all v, u ∈ Kfψ1,ψ2 and the structure conditions on A and B yield that LM is monotone
and coercive ( for the definition of monotone or coercive operator the
reader is referred to [ 14 , 1 2 ] ) .

To show that LM is weakly continuous on Kfψ1,ψ2, let (un)n ⊂ Kfψ1,ψ2 be a se - quence

that converges to u ∈ Kfψ1,ψ2. There is a subsequence (unk)k such that unk → u and
∇unk → ∇u pointwise a . e . in Ω. Since A and B are Carath é odory
functions , A(.,∇unk) and B(., τM (unk)) converges in measure to A(.,∇u) and
B(x, τM (u)) respectively [ 1 1 ] . Pick a subsequence , indexed also by nk, such that
A(.,∇unk) and B(., τM (unk)) converges pointwise a . e . in Ω to A(.,∇u) and B(x, τM (u))
respectively . Because (unk)nk is bounded in W1,p(Ω), it follow that (A(.,∇unk))k is
bounded in (Lpp−1(Ω))d and that A(.,∇unk) ⇀ A(.,∇u) weakly in (Lpp−1(Ω))d. We have

also B(., τM (unk)) ⇀ B(., τM (u)) weakly in Lp
∗′

(Ω). Since the weak limits are independent
of the choice of the subsequence , we have for all φ ∈ W1,p

0 (Ω)

〈LM (un), φ〉 → 〈LM (u), φ〉

and hence LM is weakly continuous on Kfψ1,ψ2.

Let now w ∈ W1,p(Ω) be a supersolution of the equation ( 1 . 1 ) such that u∧w ∈ Kfψ1,ψ2,

then u− (u ∧ w) ∈ W1,p
0 (Ω) and we have

0 6
∫

Ω

[A(x,∇w)−A(x,∇u)] · ∇(u− (u ∧ w))dx+

+

∫
Ω

[B(x, τM (w))− B(x, τM (u))].(u− (u ∧ w))dx

=

∫
{u>w}

[A(x,∇(u ∧ w))−A(x,∇u)] · ∇(u− (u ∧ w))dx+

+

∫
{u>w}

[B(x, τM (u ∧ w))− B(x, τM (u))].(u− (u ∧ w))dx

6 0.

It follow , by ( I ) and ( M ) , that ∇(u− (u ∧ w)) = 0 a . e . in Ω and hence u 6 w
a . e . in Ω. The same proof is valid if w is a subsolution . �
As an application of Theorem 3 . 1 , we have the following two theorems . Theorem 3 .
2 . Let f ∈ W1,p(no≈l∼∼or∼ln≈ql) ∩ L∞(no≈l∼∼or∼ln≈ql) and

K = {u ∈ W1,p(Ω) : f ≤ u 6 ‖ f ‖∞ a. e., u− f ∈ W1,p
0 (Ω)}.
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\noindent Then there e x i s t s $ u \ in K $ such that

\centerline{ $ \ langle L ( u ) , v − u \rangle \ geq s l an t 0 $ \quad f o r a l l
$ v \ in K . $ }

\noindent Moreover $ , u $ i s a s u p e r s o l u t i o n o f ( 1 . 1 ) in $ \Omega . $
Proof . \quad For $ m > 0 , $ by Theorem 3 . 1 the re e x i s t s a unique func t i on

$ u { m }$ in

\ [ K ˆ{ f } { f , \paral le l } f \paral le l { \ infty } + m = \{ u \ in
W ˆ{ 1 , p } ( \Omega ) : f \ l e q s l a n t u \ l e q s l a n t \paral le l f
\paral le l \ infty + m a . e . , u − f \ in W ˆ{ 1 , p } { 0 }
( \Omega ) \} \ ]

\noindent such that

\ [ \ langle L { \paral le l } f \paral le l { \ infty } + m ( u { m } ) ,
v − u { m } \rangle \ geq s l an t 0 \ ]

\noindent f o r a l l $ v \ in K ˆ{ f } { f , \paral le l } f \paral le l { \ infty }
+ m ˆ{ . }$ \quad Since $ u { m } − \paral le l f \paral le l \ infty = u { m }
− f + f − \paral le l f \paral le l { \ infty } \ l e q s l a n t u { m } − f $
and

$ ( u { m } − f ) ˆ{ + } \ geq s l an t ( u { m } − \paral le l f \paral le l { \ infty }
) ˆ{ + } , $ we have $ \eta : = ( u { m } − \paral le l f \paral le l { \ infty }
) ˆ{ + } \ in W ˆ{ 1 , p } { 0 } ( \Omega ) ( $ see e . g . \quad [ 1 0 ,
Lemma 1 . 25 ] ) . \quad Moreover , s i n c e $ u { m } − \eta \ in K ˆ{ f } { f

, \paral le l } f \paral le l { \ infty } + m $ and $ \paral le l f \paral le l { \ infty }$
i s a s u p e r s o l u t i o n
o f ( 1 . 1 ) , we have

\ [\ begin { a l i gned } 0 \ l e q s l a n t − \ int { \Omega } A ( x , \nabla u { m }
) \cdot \nabla \eta dx − \ int { \Omega } [ B ( x , u { m } )
− B ( x , \paral le l f \paral le l { \ infty } ) ] \eta dx \\

= − \ int { \{ u { m } > } \paral le l f \paral le l \ infty \} A (
x , \nabla u { m } ) \cdot \nabla u { m } dx + \\
− \ int { \{ u { m } > \paral le l } f \paral le l { \ infty } \} [ B

( x , u { m } ) − B ( x , \paral le l f \paral le l \ infty ˆ{ )
] } ( u { m } − \paral le l f \paral le l { \ infty } ) dx \\
\ l e q s l a n t 0 , \end{ a l i gned }\ ]

\noindent then $ \nabla \eta = 0 $ a . e . \quad in $ \Omega $ by ( M ) . \quad Because
$ \eta \ in W ˆ{ 1 , p } { 0 } ( \Omega ) , \eta = 0 $ a . e . \quad in
$ \Omega . $ \quad I t f o l l o w s

that $ u { m } \ l e q s l a n t \paral le l f \paral le l \ infty $ a . e . \quad in
$ \Omega . $ \quad I t f o l l o w s that $ u { m } \ l e q s l a n t \paral le l f \paral le l { \ infty }$
a . e . \quad in $ \Omega , $ and t h e r e f o r e

$ f \ l e q s l a n t u { m } < \paral le l f \paral le l \ infty + m $ a . e . \quad in
$ \Omega . $ \quad Given a non − negat ive $ \phi \ in C ˆ{ \ infty } { c } (
\Omega ) $ \quad and $ \varepsilon > 0 $

s u f f i c i e n t l y smal l such that $ u { m } + \varepsilon \phi \ in K ˆ{ f } { f
, \paral le l } f \paral le l { \ infty } + m ˆ{ , }$ consequent ly

\ [ \ langle L ( u { m } ) , \phi \rangle \ geq s l an t 0 \ ]

\noindent which means that $ u { m }$ i s a s u p e r s o l u t i o n o f ( 1 . 1 ) in $ \Omega
. \ square $
Theorem 3 . 3 . \quad Let $ \Omega $ be a bounded open s e t o f $ R ˆ{ d } , f
\ in W ˆ{ 1 , p } ( \Omega ) \cap L ˆ{ \ infty } ( \Omega ) . $ \quad Then

\noindent the re i s a unique func t i on $ u \ in W ˆ{ 1 , p } ( \Omega ) $
with $ u − f \ in W ˆ{ 1 , p } { 0 } ( \Omega ) $ such that

\begin { a l i g n ∗}
\ int { \Omega } A ( x , \nabla u ) \cdot \nabla \phi dx + \ int { \Omega }

B ( x , u ) \phi dx = 0 , \\ whenever \phi \ in W ˆ{ 1 ,
p } { 0 } ( \Omega ) .
\end{ a l i g n ∗}

\noindent Proof . \quad For $ m > 0 , $ by Theorem 3 . 1 , the re e x i s t s a unique
$ u { m }$ in

\ [ K { f , m } : = \{ u \ in W ˆ{ 1 , p } ( \Omega ) : \mid
u \mid \ l e q s l a n t \paral le l f \paral le l \ infty + m a . e . ,
u − f \ in W ˆ{ 1 , p } { 0 } ( \Omega ) \} , \ ]

\noindent such that

\ [ \ langle L { \paral le l } f \paral le l { \ infty } + m ( u { m } ) ,
v − u { m } \rangle \ geq s l an t 0 , \ ]

\noindent f o r \quad a l l $ v \ in K { f , m } . $ \quad Since $ u { m } +
\paral le l f \paral le l { \ infty } = u { m } − f + f + \paral le l f
\paral le l { \ infty } \ geq s l an t u { m } − f $ \quad and

$ ( u { m } − f ) ˆ{ − } \ l e q s l a n t ( u { m } + \paral le l f \paral le l
\ infty ˆ{ ) } \wedge 0 , $ we have $ \eta : = ( u { m } + \paral le l
f \paral le l { \ infty } ) \wedge 0 \ in W ˆ{ 1 , p } { 0 } ( \Omega
) ( $ see
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Then there exists u in K such that
angbracketleft L open parenthesis u closing parenthesis comma v minus u right angbracket geqslant 0 .. for al l v

in K period
Moreover comma u is a supersolution of open parenthesis 1 period 1 closing parenthesis in Capital Omega period
Proof period .. For m greater 0 comma by Theorem 3 period 1 there exists a unique function u sub m in
K sub f comma bar to the power of f f bar sub infinity plus m = open brace u in W to the power of 1 comma p

open parenthesis Capital Omega closing parenthesis : f leqslant u leqslant bar f bar infinity plus m a period e period
comma u minus f in W sub 0 to the power of 1 comma p open parenthesis Capital Omega closing parenthesis closing
brace

such that
angbracketleftbig L sub bar f bar sub infinity plus m open parenthesis u sub m closing parenthesis comma v minus

u sub m angbracketrightbig geqslant 0
for all v in K sub f comma bar to the power of f f bar sub infinity plus m to the power of period .. Since u sub m

minus bar f bar infinity = u sub m minus f plus f minus bar f bar sub infinity leqslant u sub m minus f and
open parenthesis u sub m minus f closing parenthesis to the power of plus geqslant open parenthesis u sub m minus

bar f bar sub infinity closing parenthesis to the power of plus comma we have eta : = open parenthesis u sub m minus
bar f bar sub infinity closing parenthesis to the power of plus in W sub 0 to the power of 1 comma p open parenthesis
Capital Omega closing parenthesis open parenthesis see e period g period .. open square bracket 1 0 comma

Lemma 1 period 25 closing square bracket closing parenthesis period .. Moreover comma since u sub m minus eta
in K sub f comma bar to the power of f f bar sub infinity plus m and bar f bar sub infinity is a supersolution

of open parenthesis 1 period 1 closing parenthesis comma we have
Line 1 0 leqslant minus integral sub Capital Omega A open parenthesis x comma nabla u sub m closing parenthesis

times nabla eta dx minus integral sub Capital Omega open square bracket B open parenthesis x comma u sub m
closing parenthesis minus B open parenthesis x comma bar f bar sub infinity closing parenthesis closing square bracket
eta dx Line 2 = minus integral sub open brace u sub m greater bar f bar infinity closing brace A open parenthesis
x comma nabla u sub m closing parenthesis times nabla u sub m dx plus Line 3 minus integral sub open brace u
sub m greater bar f bar sub infinity closing brace open square bracket B open parenthesis x comma u sub m closing
parenthesis minus B open parenthesis x comma bar f bar infinity to the power of closing parenthesis closing square
bracket open parenthesis u sub m minus bar f bar sub infinity closing parenthesis dx Line 4 leqslant 0 comma

then nabla eta = 0 a period e period .. in Capital Omega by open parenthesis M closing parenthesis period ..
Because eta in W sub 0 to the power of 1 comma p open parenthesis Capital Omega closing parenthesis comma eta
= 0 a period e period .. in Capital Omega period .. It follows

that u sub m leqslant bar f bar infinity a period e period .. in Capital Omega period .. It follows that u sub m
leqslant bar f bar sub infinity a period e period .. in Capital Omega comma and therefore

f leqslant u sub m less bar f bar infinity plus m a period e period .. in Capital Omega period .. Given a non
hyphen negative phi in C sub c to the power of infinity open parenthesis Capital Omega closing parenthesis .. and
epsilon greater 0

sufficiently small such that u sub m plus epsilon phi in K sub f comma bar to the power of f f bar sub infinity plus
m to the power of comma consequently

angbracketleft L open parenthesis u sub m closing parenthesis comma phi right angbracket geqslant 0
which means that u sub m is a supersolution of open parenthesis 1 period 1 closing parenthesis in Capital Omega

period square
Theorem 3 period 3 period .. Let Capital Omega be a bounded open s e t of R to the power of d comma f in W

to the power of 1 comma p open parenthesis Capital Omega closing parenthesis cap L to the power of infinity open
parenthesis Capital Omega closing parenthesis period .. Then

there is a unique function u in W to the power of 1 comma p open parenthesis Capital Omega closing parenthesis
with u minus f in W sub 0 to the power of 1 comma p open parenthesis Capital Omega closing parenthesis such that

integral sub Capital Omega A open parenthesis x comma nabla u closing parenthesis times nabla phi dx plus
integral sub Capital Omega B open parenthesis x comma u closing parenthesis phi dx = 0 comma whenever phi in
W sub 0 to the power of 1 comma p open parenthesis Capital Omega closing parenthesis period

Proof period .. For m greater 0 comma by Theorem 3 period 1 comma there exists a unique u sub m in
K sub f comma m : = open brace u in W to the power of 1 comma p open parenthesis Capital Omega closing

parenthesis : bar u bar leqslant bar f bar infinity plus m a period e period comma u minus f in W sub 0 to the power
of 1 comma p open parenthesis Capital Omega closing parenthesis closing brace comma

such that
angbracketleftbig L sub bar f bar sub infinity plus m open parenthesis u sub m closing parenthesis comma v minus

u sub m angbracketrightbig geqslant 0 comma
for .. all v in K sub f comma m period .. Since u sub m plus bar f bar sub infinity = u sub m minus f plus f plus

bar f bar sub infinity geqslant u sub m minus f .. and
open parenthesis u sub m minus f closing parenthesis to the power of minus leqslant open parenthesis u sub m

plus bar f bar infinity to the power of closing parenthesis and 0 comma we have eta : = open parenthesis u sub m
plus bar f bar sub infinity closing parenthesis and 0 in W sub 0 to the power of 1 comma p open parenthesis Capital
Omega closing parenthesis open parenthesis see
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Then there exists u ∈ K such that
〈L(u), v − u〉 > 0 for al l v ∈ K.

Moreover , u is a supersolution of ( 1 . 1 ) in Ω. Proof . For m > 0, by Theorem 3 .
1 there exists a unique function um in

Kff,‖f ‖∞ +m = {u ∈ W1,p(Ω) : f 6 u 6 ‖ f ‖ ∞+ma.e., u− f ∈ W1,p
0 (Ω)}

such that

〈L‖f ‖∞ +m(um), v − um〉 > 0

for all v ∈ Kff,‖f ‖∞ +m. Since um− ‖ f ‖ ∞ = um − f + f− ‖ f ‖∞ 6 um − f
and (um − f)+ > (um− ‖ f ‖∞)+, we have η := (um− ‖ f ‖∞)+ ∈ W1,p

0 (Ω)( see e . g .

[ 1 0 , Lemma 1 . 25 ] ) . Moreover , since um − η ∈ Kff,‖f ‖∞ +m and ‖ f ‖∞ is a

supersolution of ( 1 . 1 ) , we have

0 6 −
∫

Ω

A(x,∇um) · ∇ηdx−
∫

Ω

[B(x, um)− B(x, ‖ f ‖∞)]ηdx

= −
∫
{um>

‖ f ‖ ∞}A(x,∇um) · ∇umdx+

−
∫
{um>‖

f ‖∞}[B(x, um)− B(x, ‖ f ‖ ∞)](um− ‖ f ‖∞)dx

6 0,

then ∇η = 0 a . e . in Ω by ( M ) . Because η ∈ W1,p
0 (Ω), η = 0 a . e . in Ω. It

follows that um 6 ‖ f ‖ ∞ a . e . in Ω. It follows that um 6 ‖ f ‖∞ a . e . in
Ω, and therefore f 6 um < ‖ f ‖ ∞ + m a . e . in Ω. Given a non - negative

φ ∈ C∞c (Ω) and ε > 0 sufficiently small such that um+εφ ∈ Kff,‖f ‖∞ +m, consequently

〈L(um), φ〉 > 0

which means that um is a supersolution of ( 1 . 1 ) in Ω. � Theorem 3 . 3 . Let Ω
be a bounded open s e t of Rd, f ∈ W1,p(Ω) ∩ L∞(Ω). Then
there is a unique function u ∈ W1,p(Ω) with u− f ∈ W1,p

0 (Ω) such that

∫
Ω

A(x,∇u) · ∇φdx+

∫
Ω

B(x, u)φdx = 0,

wheneverφ ∈ W1,p
0 (Ω).

Proof . For m > 0, by Theorem 3 . 1 , there exists a unique um in

Kf,m := {u ∈ W1,p(Ω) :| u |6 ‖ f ‖ ∞+ma.e., u− f ∈ W1,p
0 (Ω)},

such that

〈L‖f ‖∞ +m(um), v − um〉 > 0,

for all v ∈ Kf,m. Since um+ ‖ f ‖∞ = um−f+f+ ‖ f ‖∞ > um−f and

(um− f)− 6 (um+ ‖ f ‖ ∞) ∧ 0, we have η := (um+ ‖ f ‖∞)∧ 0 ∈ W1,p
0 (Ω) (

see
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e . \quad g . \quad [ 1 0 , Lemma 1 . 25 ] ) . \quad Moreover , s i n c e $ \eta + u { m }
\ in K { f , m }$ and $ − \paral le l f \paral le l \ infty $ i s a subso lu −

\noindent t i on o f ( 1 . 1 ) , we have

\ [\ begin { a l i gned } 0 \ l e q s l a n t \ int { \Omega } A ( x , \nabla u { m }
) \cdot \nabla \eta dx + \ int { \Omega } [ B ( x , u { m } )
− B ( x , − \paral le l f \paral le l { \ infty } ) ] \eta dx \\

= − \ int { \{ u { m } < − } \paral le l f \paral le l \ infty \} A
( x , \nabla u { m } ) \cdot \nabla u { m } dx + \\
− \ int { \{ u { m } < − \paral le l } f \paral le l { \ infty } \} [

B ( x , u { m } ) − B ( x , − \paral le l f \paral le l { \ infty }
) ] ( u { m } + \paral le l f \paral le l { \ infty } ) dx \\
\ l e q s l a n t 0 , \end{ a l i gned }\ ]

\noindent then $ \nabla \eta = 0 $ a . e . \quad in $ \Omega $ by ( M ) . \quad Because
$ \eta \ in W ˆ{ 1 , p } { 0 } ( \Omega ) , \eta = 0 $ a . e . \quad in
$ \Omega . $ \quad I t f o l l o w s

that $ − \paral le l f \paral le l \ infty \ l e q s l a n t u { m }$ a . e . \quad in
$ \Omega . $ \quad Note that $ − u { m }$ i s a l s o a s o l u t i o n in $ K { − f
, m }$ o f the
f o l l o w i n g v a r i a t i o n a l i n e q u a l i t y

\ [\ begin { a l i gned } \ langle ˆ{ \widetilde{L} } \paral le l f \paral le l \ infty ˆ{ +
m ( u ) , } v − u \rangle = \ int { \Omega } \widetilde{A} ( x
, \nabla u ) \cdot \nabla ( v − u ) dx \\

+ \ int { \Omega } \widetilde{B} ( x , \tau { \paral le l f \paral le l }
\ infty ˆ{ + m ( u ) ) } ( v − u ) dx \ geq s l an t 0 , \end{ a l i gned }\ ]

\noindent where $ \widetilde{A} ( . , \xi ) = − A ( . , − \xi
) $ \quad and $ \widetilde{B} ( . , \zeta ) = − B ( . , −
\zeta ) $ \quad which s a t i s f y the same as −

sumptions as $ A $ and $ B . $ \quad I t f o l l o w s that $ u { m } \ l e q s l a n t \paral le l
f \paral le l { \ infty }$ \quad a . e . \quad in $ \Omega , $ \quad and t h e r e f o r e

\noindent $ \mid u { m } \mid < \paral le l f \paral le l \ infty + m $
a . e . \ h f i l l in $ \Omega . $ \ h f i l l Given $ \phi \ in C ˆ{ \ infty } { c } (
\Omega ) $ and $ \varepsilon > 0 $ s u f f i c i e n t l y smal l such

\begin { a l i g n ∗}
that u { m } \pm \varepsilon \phi \ in K { f , m } , consequent ly \\ \ langle

L ( u { m } ) , \phi \rangle = 0
\end{ a l i g n ∗}

\noindent which means that $ u { m }$ i s a d e s i r e d func t i on $ . \ square $

By r e g u l a r i t y theory ( e . g . \quad [ 1 8 , Coro l l a ry 4 . 1 0 ] ) , any bounded s o l u t i o n o f ( 1 . 1 )
can be r e d e f i n e d in a s e t o f measure zero so that i t becomes cont inuous .

\noindent D e f i n i t i o n 3 . 1 . \ h f i l l A r e l a t i v e l y compact open s e t $ U $ i s c a l l e d $ p
− r e g u l a r i t y $ i f , f o r

\noindent each func t i on $ f \ in W ˆ{ 1 , p } ( U ) \cap C ( U
) , $ the cont inuous s o l u t i o n $ u $ o f ( 1 . 1 ) in $ U $ with

\noindent $ u − f \ in W ˆ{ 1 , p } ( U ) $ s a t i s f i e s $ \ lim { x
\rightarrow y } u ( x ) = f ( y ) $ f o r a l l $ y \ in \partial
U . $

A r e l a t i v e l y compact open s e t $ U $ i s c a l l e d r e g u l a r , i f f o r every cont inuous func t i on
$ f $ on $ \partial U , $ \quad the re e x i s t s a unique cont inuous s o l u t i o n $ u $

o f ( 1 . 1 ) \quad on $ U $ such that

\begin { a l i g n ∗}
\ lim { x \rightarrow y } u ( x ) = f ( y ) f o r a l l y \ in
\partial U .
\end{ a l i g n ∗}

I f $ U $ i s $ p−hyphen $ r e g u l a r and $ f \ in W ˆ{ 1 , p } ( U ) \cap
C ( U ) , $ then the s o l u t i o n $ u $ given by Theo −

rem 3 . 3 s a t i s f i e s

\ [ \ lim { \ in { x } U , x \rightarrow z } u ( x ) = f ( z
) \ ]

\noindent f o r a l l $ z \ in \partial U [ 1 8 , $ Coro l l a ry 4 . 1 8 ] .

\centerline {4 . \quad Comparison P r i n c i p l e and D i r i c h l e t Problem }

\hspace ∗{\ f i l l }The f o l l o w i n g comparison p r i n c i p l e i s u s e f u l f o r the p o t e n t i a l theory a s s o c i a t e d

\noindent with equat ion ( 1 . 1 ) :
Lemma 4 . 1 . \quad Suppose that $ u $ i s a s u p e r s o l u t i o n and $ v $ i s a subso lu t i on on

$ \Omega $ such

\noindent that

\ [ \ lim { x \rightarrow y } \sup v ( x ) \ l e q s l a n t \ lim { x \rightarrow
y } \ inf u ( x ) \ ]
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e period .. g period .. open square bracket 1 0 comma Lemma 1 period 25 closing square bracket closing parenthesis

period .. Moreover comma since eta plus u sub m in K sub f comma m and minus bar f bar infinity is a subsolu
hyphen

tion of open parenthesis 1 period 1 closing parenthesis comma we have
Line 1 0 leqslant integral sub Capital Omega A open parenthesis x comma nabla u sub m closing parenthesis times

nabla eta dx plus integral sub Capital Omega open square bracket B open parenthesis x comma u sub m closing
parenthesis minus B open parenthesis x comma minus bar f bar sub infinity closing parenthesis closing square bracket
eta dx Line 2 = minus integral sub open brace u sub m less minus bar f bar infinity closing brace A open parenthesis
x comma nabla u sub m closing parenthesis times nabla u sub m dx plus Line 3 minus integral sub open brace u sub
m less minus bar f bar sub infinity closing brace open square bracket B open parenthesis x comma u sub m closing
parenthesis minus B open parenthesis x comma minus bar f bar sub infinity closing parenthesis closing square bracket
open parenthesis u sub m plus bar f bar sub infinity closing parenthesis dx Line 4 leqslant 0 comma

then nabla eta = 0 a period e period .. in Capital Omega by open parenthesis M closing parenthesis period ..
Because eta in W sub 0 to the power of 1 comma p open parenthesis Capital Omega closing parenthesis comma eta
= 0 a period e period .. in Capital Omega period .. It follows

that minus bar f bar infinity leqslant u sub m a period e period .. in Capital Omega period .. Note that minus u
sub m is also a solution in K sub minus f comma m of the

following variational inequality
Line 1 angbracketleftBig to the power of L-tildewide bar f bar infinity to the power of plus m open parenthesis u

closing parenthesis comma v minus u angbracketrightBig = integral sub Capital Omega tildewide-A open parenthesis
x comma nabla u closing parenthesis times nabla open parenthesis v minus u closing parenthesis dx Line 2 plus
integral sub Capital Omega B-tildewide open parenthesis x comma tau sub bar f bar infinity to the power of plus m
open parenthesis u closing parenthesis closing parenthesis open parenthesis v minus u closing parenthesis dx geqslant
0 comma

where A-tildewide open parenthesis period comma xi closing parenthesis = minus A open parenthesis period
comma minus xi closing parenthesis .. and tildewide-B open parenthesis period comma zeta closing parenthesis =
minus B open parenthesis period comma minus zeta closing parenthesis .. which satisfy the same as hyphen

sumptions as A and B period .. It follows that u sub m leqslant bar f bar sub infinity .. a period e period .. in
Capital Omega comma .. and therefore

bar u sub m bar less bar f bar infinity plus m a period e period .... in Capital Omega period .... Given phi in C
sub c to the power of infinity open parenthesis Capital Omega closing parenthesis and epsilon greater 0 sufficiently
small such

that u sub m plusminux epsilon phi in K sub f comma m comma consequently angbracketleft L open parenthesis
u sub m closing parenthesis comma phi right angbracket = 0

which means that u sub m is a desired function period square
By regularity theory open parenthesis e period g period .. open square bracket 1 8 comma Corollary 4 period

1 0 closing square bracket closing parenthesis comma any bounded solution of open parenthesis 1 period 1 closing
parenthesis

can be redefined in a set of measure zero so that it becomes continuous period
Definition 3 period 1 period .... A relatively compact open set U is called p minus regularity if comma for
each function f in W to the power of 1 comma p open parenthesis U closing parenthesis cap C open parenthesis U

closing parenthesis comma the continuous solution u of open parenthesis 1 period 1 closing parenthesis in U with
u minus f in W to the power of 1 comma p open parenthesis U closing parenthesis satisfies limint sub x right arrow

y u open parenthesis x closing parenthesis = f open parenthesis y closing parenthesis for all y in partialdiff U period
A relatively compact open set U is called regular comma if for every continuous function
f on partialdiff U comma .. there exists a unique continuous solution u of open parenthesis 1 period 1 closing

parenthesis .. on U such that
limint sub x right arrow y u open parenthesis x closing parenthesis = f open parenthesis y closing parenthesis for

all y in partialdiff U period
If U is p-hyphen regular and f in W to the power of 1 comma p open parenthesis U closing parenthesis cap C open

parenthesis U closing parenthesis comma then the solution u given by Theo hyphen
rem 3 period 3 satisfies
limint in x U comma x right arrow z u open parenthesis x closing parenthesis = f open parenthesis z closing

parenthesis
for all z in partialdiff U open square bracket 1 8 comma Corollary 4 period 1 8 closing square bracket period
4 period .. Comparison Principle and Dirichlet Problem
The following comparison principle is useful for the potential theory associated
with equation open parenthesis 1 period 1 closing parenthesis :
Lemma 4 period 1 period .. Suppose that u is a supersolution and v is a subsolution on Capital Omega such
that
limint x right arrow y supremum v open parenthesis x closing parenthesis leqslant limint x right arrow y inf u

open parenthesis x closing parenthesis

EJDE – 2 0 0 1 / 3 1 POTENTIAL THEORY FOR QUASILINIEAR ELLIPTIC EQUATIONS 7 e .
g . [ 1 0 , Lemma 1 . 25 ] ) . Moreover , since η + um ∈ Kf,m and − ‖ f ‖ ∞ is a
subsolu -
tion of ( 1 . 1 ) , we have

0 6
∫

Ω

A(x,∇um) · ∇ηdx+

∫
Ω

[B(x, um)− B(x,− ‖ f ‖∞)]ηdx

= −
∫
{um<−

‖ f ‖ ∞}A(x,∇um) · ∇umdx+

−
∫
{um<−‖

f ‖∞}[B(x, um)− B(x,− ‖ f ‖∞)](um+ ‖ f ‖∞)dx

6 0,

then ∇η = 0 a . e . in Ω by ( M ) . Because η ∈ W1,p
0 (Ω), η = 0 a . e . in Ω. It

follows that − ‖ f ‖ ∞ 6 um a . e . in Ω. Note that −um is also a solution in K−f,m
of the following variational inequality

〈L̃‖ f ‖ ∞+m(u),v − u〉 =

∫
Ω

Ã(x,∇u) · ∇(v − u)dx

+

∫
Ω

B̃(x, τ‖f‖∞+m(u))(v − u)dx > 0,

where Ã(., ξ) = −A(.,−ξ) and B̃(., ζ) = −B(.,−ζ) which satisfy the same
as - sumptions as A and B. It follows that um 6 ‖ f ‖∞ a . e . in Ω, and
therefore
| um |< ‖ f ‖ ∞+m a . e . in Ω. Given φ ∈ C∞c (Ω) and ε > 0 sufficiently small such

thatum ± εφ ∈ Kf,m, consequently

〈L(um), φ〉 = 0

which means that um is a desired function . �
By regularity theory ( e . g . [ 1 8 , Corollary 4 . 1 0 ] ) , any bounded solution of (

1 . 1 ) can be redefined in a set of measure zero so that it becomes continuous .
Definition 3 . 1 . A relatively compact open set U is called p− regularity if , for
each function f ∈ W1,p(U) ∩ C(U), the continuous solution u of ( 1 . 1 ) in U with
u− f ∈ W1,p(U) satisfies limx→y u(x) = f(y) for all y ∈ ∂U.

A relatively compact open set U is called regular , if for every continuous function f
on ∂U, there exists a unique continuous solution u of ( 1 . 1 ) on U such that

lim
x→y

u(x) = f(y)forally ∈ ∂U.

If U is p− hyphen regular and f ∈ W1,p(U)∩ C(U), then the solution u given by Theo
- rem 3 . 3 satisfies

lim
∈xU,x→z

u(x) = f(z)

for all z ∈ ∂U [18, Corollary 4 . 1 8 ] .
4 . Comparison Principle and Dirichlet Problem

The following comparison principle is useful for the potential theory associated
with equation ( 1 . 1 ) : Lemma 4 . 1 . Suppose that u is a supersolution and v is
a subsolution on Ω such
that



lim
x→y

sup v(x) 6 lim
x→y

inf u(x)
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f o r a l l $ y \ in \partial \Omega $ and i f both s i d e s o f the i n e q u a l i t y are not s imultaneous ly

$ + \ infty $ \quad o r

\begin { a l i g n ∗}
− \ infty , then v \ l e q s l a n t u in \Omega .
\end{ a l i g n ∗}

\noindent Proof . \quad By the r e g u l a r i t y theory ( s ee e . g . \quad [ 1 8 , Coro l l a ry 4 . 1 0 ] ) , we may assume that
$ u $ i s lower semicont inuous and $ v $ i s upper semicont inuous on $ \Omega . $

\quad For f i x e d $ \varepsilon > 0 , $
the s e t $ K { \varepsilon } = \{ x \ in \Omega : v ( x ) \ geq s l an t

u ( x ) + \varepsilon \} $ i s a compact subset o f $ \Omega $ and t h e r e f o r e

\noindent $ \phi = ( v − u − \varepsilon ) ˆ{ + } \ in W ˆ{ 1 ,
p } { 0 } ( R ˆ{ d } ) . $ Test ing by $ \phi , $ we obta in

\begin { a l i g n ∗}
\ int { \{ v > u + \varepsilon \} } [ A ( x , \nabla ( u

+ \varepsilon ) ) − A ( x , \nabla v ) ] \cdot \nabla \phi
dx \\ + \ int { \{ v > u + \varepsilon \} } [ B ( x , u +
\varepsilon ) − B ( x , v ) ] \phi dx \ geq s l an t 0 \ tag ∗{$ (
4 . 1 ) $}
\end{ a l i g n ∗}

\noindent Using Assumptions ( I ) and ( M ) we have

\ [ \ int { \{ v > u + \varepsilon \} } [ A ( x , \nabla u +
\varepsilon ) − A ( x , \nabla v ) ] \cdot \nabla ( v −
u − \varepsilon ) dx = 0 \ ]

\noindent and again by M we i n f e r that $ v \ l e q s l a n t u + \varepsilon $ on $ \Omega
. $ \ h f i l l Lett ing $ \varepsilon \rightarrow 0 $ we have $ v \ l e q s l a n t u $
on

\ [ \Omega . \ square \ ]

\noindent Theorem 4 . 1 . \quad Every $ p − $ r e g u l a r s e t i s r e g u l a r in the s ense o f d e f i n i t i o n 3 . 1 .

\noindent Proof . \ h f i l l Let $ \Omega $ be a $ p − $ r e g u l a r s e t in $ R ˆ{ d }$
and $ f $ be a cont inuous func t i on on $ \partial \Omega . $ We

\noindent s h a l l prove that the re e x i s t s a unique cont inuous s o l u t i o n $ u $ o f ( 1 . 1 ) on
$ \Omega $ such that

$ \ lim { x \rightarrow y } u ( x ) = f ( y ) $ f o r a l l $ y
\ in \partial \Omega . $ The uniqueness i s g iven by Lemma 4 . 1 . By [ 1 8 ,

Theorem 4 . 1 1 ] we have the c o n t i nu i t y o f $ u . $ For the e x i s t e n c e , we may suppose that

\noindent $ f \ in C { c } ( R ˆ{ d } ) ( $ Tie tze ’ s ex t ens i on theorem ) . \quad Let
$ f i $ be a sequence o f f u n c t i o n s from

$ C ˆ{ 1 } { c } ( R ˆ{ d } ) $ such that $ \mid f i − f \mid \ l e q s l a n t
2 ˆ{ − i }$ and $ \mid f i \mid + \mid f \mid \ l e q s l a n t M $ on
$ \Omega $ f o r the same constant

$ M $ and f o r a l l $ i . $ \quad Let $ u { i } \ in W ˆ{ 1 , p } ( \Omega
) \cap C ( \Omega ) $ be the unique s o l u t i o n f o r the D i r i c h l e t

problem with boundary data $ f i ( $ Theorem 3 . 3 ) . \quad Then from Lemma 4 . 1 we deduce
that \quad $ \mid u { i } − u { j } \mid \ l e q s l a n t 2 ˆ{ − i } + 2 ˆ{ −

j }$ \quad and \quad $ \mid u { i } \mid \ l e q s l a n t M $ on $ \Omega $ f o r a l l
$ i $ and $ j . $ \quad We denote by

$ u $ the l i m i t o f the sequence $ ( u { i } ) i . $ \quad We w i l l show that
$ u $ i s a l o c a l s o l u t i o n o f the

equat ion . For t h i s , we prove that the sequence $ ( \nabla u { i } ) i $ i s l o c a l l y uni formly bounded
in $ ( L ˆ{ p } ( \Omega ) ) ˆ{ d } . $ \quad Let $ \phi = − \eta ˆ{ p }

u { i } , \eta \ in C ˆ{ \ infty } { c } ( \Omega ) , 0 \ l e q s l a n t \eta
\ l e q s l a n t 1 $ and $ \eta = 1 $ on $ \omega \subset \omega \subset \Omega
. $

\noindent Since $ \phi \ in W ˆ{ 1 , p } { 0 } ( \Omega ) , $ we have

\ [\ begin { a l i gned } 0 = \ int { \Omega } A ( x , \nabla u { i } ) \cdot
\nabla \phi dx + \ int { \Omega } B ( x , u { i } ) \phi dx \\

= \ int { \Omega } A ( x , \nabla u { i } ) . ( − \eta ˆ{ p }
\nabla u { i } − pu i \eta ˆ{ p − 1 } \nabla \eta ) dx − \ int { \Omega }
\eta ˆ{ p } B ( x , u { i } ) u { i } dx \\
\ l e q s l a n t − \mu \ int { \Omega } \eta ˆ{ p } \mid \nabla u { i } \mid ˆ{ p }

dx + p \nu \ int { \Omega } \eta ˆ{ p − 1 } \mid \nabla u { i } \mid ˆ{ p
− 1 } \mid u { i } \mid \mid \nabla \eta \mid dx + C ( M ,
\paral le l \eta \paral le l { \ infty } , \mid \Omega \mid ) , \end{ a l i gned }\ ]

\noindent and t h e r e f o r e , us ing the Young i n e q u a l i t y , we obta in

\ [\ begin { a l i gned } \ int { \Omega } \eta ˆ{ p } \mid \nabla u { i } \mid ˆ{ p }
dx \\
\ l e q s l a n t p ˆ{ \varepsilon ˆ{ p }} \nu ˆ{ \mu } { \prime } \ int { \Omega } \eta ˆ{ p }

\mid \nabla u { i } \mid ˆ{ p } dx + \nu{ p { \varepsilon ˆ{ p }}} { \mu }
\ int { \Omega } \mid u { i } \mid ˆ{ p } \mid \nabla \eta \mid ˆ{ p } dx
+ C ( M , \paral le l \eta \paral le l { \ infty } , \mid \Omega \mid
) \\
\ l e q s l a n t \nu ˆ{ \mu } { p ˆ{ \varepsilon ˆ{ p }}ˆ{ \prime }} \ int { \Omega } \eta ˆ{ p }

\mid \nabla u { i } \mid ˆ{ p } dx + C ( M , \paral le l \eta \paral le l { \ infty }
, \mid \Omega \mid , \paral le l \nabla \eta \paral le l { \ infty } ,
\varepsilon ) . \end{ a l i gned }\ ]

8 .. A period BAALAL ampersand A period BOUKRICHA .. EJDE endash 2 0 1 slash 3 1
for al l y in partialdiff Capital Omega and if both s ides of the inequality are not s imultaneously plus infinity ..

o r
minus infinity comma then v leqslant u in Capital Omega period
Proof period .. By the regularity theory open parenthesis see e period g period .. open square bracket 1 8 comma

Corollary 4 period 1 0 closing square bracket closing parenthesis comma we may assume that
u is lower semicontinuous and v is upper semicontinuous on Capital Omega period .. For fixed epsilon greater 0

comma
the set K sub epsilon = open brace x in Capital Omega : v open parenthesis x closing parenthesis geqslant u open

parenthesis x closing parenthesis plus epsilon closing brace is a compact subset of Capital Omega and therefore
phi = open parenthesis v minus u minus epsilon closing parenthesis to the power of plus in W sub 0 to the power

of 1 comma p open parenthesis R to the power of d closing parenthesis period Testing by phi comma we obtain
integral sub open brace v greater u plus epsilon closing brace open square bracket A open parenthesis x comma

nabla open parenthesis u plus epsilon closing parenthesis closing parenthesis minus A open parenthesis x comma
nabla v closing parenthesis closing square bracket times nabla phi dx Equation: open parenthesis 4 period 1 closing
parenthesis .. plus integral sub open brace v greater u plus epsilon closing brace open square bracket B open parenthesis
x comma u plus epsilon closing parenthesis minus B open parenthesis x comma v closing parenthesis closing square
bracket phi dx geqslant 0

Using Assumptions open parenthesis I closing parenthesis and open parenthesis M closing parenthesis we have
integral sub open brace v greater u plus epsilon closing brace open square bracket A open parenthesis x comma

nabla u plus epsilon closing parenthesis minus A open parenthesis x comma nabla v closing parenthesis closing square
bracket times nabla open parenthesis v minus u minus epsilon closing parenthesis dx = 0

and again by M we infer that v leqslant u plus epsilon on Capital Omega period .... Letting epsilon right arrow 0
we have v leqslant u on

Capital Omega period square
Theorem 4 period 1 period .. Every p hyphen regular s e t is regular in the s ense of definition 3 period 1 period
Proof period .... Let Capital Omega be a p hyphen regular set in R to the power of d and f be a continuous

function on partialdiff Capital Omega period We
shall prove that there exists a unique continuous solution u of open parenthesis 1 period 1 closing parenthesis on

Capital Omega such that
limint sub x right arrow y u open parenthesis x closing parenthesis = f open parenthesis y closing parenthesis for

all y in partialdiff Capital Omega period The uniqueness is given by Lemma 4 period 1 period By open square bracket
1 8 comma

Theorem 4 period 1 1 closing square bracket we have the continuity of u period For the existence comma we may
suppose that

f in C sub c open parenthesis R to the power of d closing parenthesis open parenthesis Tietze quoteright s extension
theorem closing parenthesis period .. Let f i be a sequence of functions from

C sub c to the power of 1 open parenthesis R to the power of d closing parenthesis such that bar f i minus f bar
leqslant 2 to the power of minus i and bar f i bar plus bar f bar leqslant M on Capital Omega for the same constant

M and for all i period .. Let u sub i in W to the power of 1 comma p open parenthesis Capital Omega closing
parenthesis cap C open parenthesis Capital Omega closing parenthesis be the unique solution for the Dirichlet

problem with boundary data f i open parenthesis Theorem 3 period 3 closing parenthesis period .. Then from
Lemma 4 period 1 we deduce

that .. bar u sub i minus u sub j bar leqslant 2 to the power of minus i plus 2 to the power of minus j .. and ..
bar u sub i bar leqslant M on Capital Omega for all i and j period .. We denote by

u the limit of the sequence open parenthesis u sub i closing parenthesis i period .. We will show that u is a lo cal
solution of the

equation period For this comma we prove that the sequence open parenthesis nabla u sub i closing parenthesis i
is lo cally uniformly bounded

in open parenthesis L to the power of p open parenthesis Capital Omega closing parenthesis closing parenthesis to
the power of d period .. Let phi = minus eta to the power of p u sub i comma eta in C sub c to the power of infinity
open parenthesis Capital Omega closing parenthesis comma 0 leqslant eta leqslant 1 and eta = 1 on omega subset
omega subset Capital Omega period

Since phi in W sub 0 to the power of 1 comma p open parenthesis Capital Omega closing parenthesis comma we
have

Line 1 0 = integral sub Capital Omega A open parenthesis x comma nabla u sub i closing parenthesis times nabla
phi dx plus integral sub Capital Omega B open parenthesis x comma u sub i closing parenthesis phi dx Line 2 =
integral sub Capital Omega A open parenthesis x comma nabla u sub i closing parenthesis period open parenthesis
minus eta to the power of p nabla u sub i minus pu i eta to the power of p minus 1 nabla eta closing parenthesis dx
minus integral sub Capital Omega eta to the power of p B open parenthesis x comma u sub i closing parenthesis u
sub i dx Line 3 leqslant minus mu integral sub Capital Omega eta to the power of p bar nabla u sub i bar to the
power of p dx plus p nu integral sub Capital Omega eta to the power of p minus 1 bar nabla u sub i bar to the power
of p minus 1 bar u sub i bar bar nabla eta bar dx plus C open parenthesis M comma bar eta bar sub infinity comma
bar Capital Omega bar closing parenthesis comma

and therefore comma using the Young inequality comma we obtain
Line 1 integral sub Capital Omega eta to the power of p bar nabla u sub i bar to the power of p dx Line 2 leqslant

p to the power of epsilon to the power of p nu from mu to prime integral sub Capital Omega eta to the power of p
bar nabla u sub i bar to the power of p dx plus nu p sub epsilon to the power of p sub mu integral sub Capital Omega
bar u sub i bar to the power of p bar nabla eta bar to the power of p dx plus C open parenthesis M comma bar eta
bar sub infinity comma bar Capital Omega bar closing parenthesis Line 3 leqslant nu from mu to p to the power of
epsilon to the power of p to the power of prime integral sub Capital Omega eta to the power of p bar nabla u sub i
bar to the power of p dx plus C open parenthesis M comma bar eta bar sub infinity comma bar Capital Omega bar
comma bar nabla eta bar sub infinity comma epsilon closing parenthesis period

8 A . BAALAL & A . BOUKRICHA EJDE – 2 0 1 / 3 1 for al l y ∈ ∂Ω and if both s ides of
the inequality are not s imultaneously +∞ o r

−∞, thenv 6 uinΩ.

Proof . By the regularity theory ( see e . g . [ 1 8 , Corollary 4 . 1 0 ] ) , we may
assume that u is lower semicontinuous and v is upper semicontinuous on Ω. For fixed
ε > 0, the set Kε = {x ∈ Ω : v(x) > u(x) + ε} is a compact subset of Ω and therefore
φ = (v − u− ε)+ ∈ W1,p

0 (Rd). Testing by φ, we obtain

∫
{v>u+ε}

[A(x,∇(u+ ε))−A(x,∇v)] · ∇φdx

+

∫
{v>u+ε}

[B(x, u+ ε)− B(x, v)]φdx > 0 (4.1)

Using Assumptions ( I ) and ( M ) we have∫
{v>u+ε}

[A(x,∇u+ ε)−A(x,∇v)] · ∇(v − u− ε)dx = 0

and again by M we infer that v 6 u+ ε on Ω. Letting ε→ 0 we have v 6 u on

Ω. �

Theorem 4 . 1 . Every p− regular s e t is regular in the s ense of definition 3 . 1 .
Proof . Let Ω be a p− regular set in Rd and f be a continuous function on ∂Ω. We
shall prove that there exists a unique continuous solution u of ( 1 . 1 ) on Ω such that
limx→y u(x) = f(y) for all y ∈ ∂Ω. The uniqueness is given by Lemma 4 . 1 . By [ 1 8 ,
Theorem 4 . 1 1 ] we have the continuity of u. For the existence , we may suppose that
f ∈ Cc(Rd)( Tietze ’ s extension theorem ) . Let fi be a sequence of functions from
C1
c (Rd) such that | fi− f | 6 2−i and | fi | + | f | 6M on Ω for the same constant M

and for all i. Let ui ∈ W1,p(Ω) ∩ C(Ω) be the unique solution for the Dirichlet problem
with boundary data fi( Theorem 3 . 3 ) . Then from Lemma 4 . 1 we deduce that
| ui − uj | 6 2−i + 2−j and | ui | 6 M on Ω for all i and j. We denote by u
the limit of the sequence (ui)i. We will show that u is a lo cal solution of the equation
. For this , we prove that the sequence (∇ui)i is lo cally uniformly bounded in (Lp(Ω))d.
Let φ = −ηpui, η ∈ C∞c (Ω), 0 6 η 6 1 and η = 1 on ω ⊂ ω ⊂ Ω.
Since φ ∈ W1,p

0 (Ω), we have

0 =

∫
Ω

A(x,∇ui) · ∇φdx+

∫
Ω

B(x, ui)φdx

=

∫
Ω

A(x,∇ui).(−ηp∇ui − puiηp−1∇η)dx−
∫

Ω

ηpB(x, ui)uidx

6 −µ
∫

Ω

ηp | ∇ui |p dx+ pν

∫
Ω

ηp−1 | ∇ui |p−1| ui || ∇η | dx+ C(M, ‖ η ‖∞, | Ω |),

and therefore , using the Young inequality , we obtain

∫
Ω

ηp | ∇ui |p dx

6 pε
p

νµ′

∫
Ω

ηp | ∇ui |p dx+ νpεpµ

∫
Ω

| ui |p| ∇η |p dx+ C(M, ‖ η ‖∞, | Ω |)

6 νµ
pε
p ′

∫
Ω

ηp | ∇ui |p dx+ C(M, ‖ η ‖∞, | Ω |, ‖ ∇η ‖∞, ε).
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\begin { a l i g n ∗}
I f 0 < \varepsilon < \ l e f t (\ begin { array }{ c} c { 1 }\\ pa 1 \end{ array }\ right )

p −{ p } 1 , then \\ \ int { \omega } \mid \nabla u { i } \mid ˆ{ p } dx
\ l e q s l a n t \mu C ( M , \paral le l \eta { \mu } \paral le l { \ infty { − }}
\prime ˆ{ \nu } { , { p }ˆ{ \mid \Omega \mid } { \varepsilon ˆ{ p }} , \paral le l }
\nabla \eta \paral le l { \ infty } , \varepsilon ) f o r a l l i .
\end{ a l i g n ∗}

\noindent I t f o l l o w s that the sequence $ ( u { i } ) i $ i s l o c a l l y uni formly bounded in
$ W ˆ{ 1 , p } ( \Omega ) . $ \quad Fix

$ D \Subset G \Subset \Omega . $ \quad Since $ ( u { i } ) i $ \quad converges po intwi s e to
$ u $ and by \quad [ 1 0 , \quad Theorem 1 . 32 ] ,

\noindent we obta in that $ u \ in W ˆ{ 1 , p } ( D ) $ and $ ( u { i }
) i $ converges weakly , in $ W ˆ{ 1 , p } ( D ) , $ to $ u . $ \quad Let

$ \eta \ in C ˆ{ \ infty } { 0 } ( G ) $ such that $ 0 \ l e q s l a n t \eta
\ l e q s l a n t 1 , \eta = 1 $ in $ D $ and t e s t i n g by $ \phi = \eta (
u − u { i } ) $ f o r the

\noindent s o l u t i o n $ u { i } , $ we have

\ [\ begin { a l i gned } − \ int { G } \eta A ( x , \nabla u { i } ) \cdot
\nabla ( u − u { i } ) dx \\

= \ int { G } ( u − u { i } ) A ( x , \nabla u { i } ) \cdot
\nabla \eta dx + \ int { G } \eta B ( x , u { i } ) ( u −
u { i } ) dx \\
\ l e q s l a n t ( \ int { G } \mid u − u { i } \mid ˆ{ p } dx ) 1 /

p [ C + \nu ( \ int { G } \mid \nabla u { i } \mid ˆ{ p } dx )
p −{ p } 1 ] \\
\ l e q s l a n t C ( \ int { G } \mid u − u { i } \mid ˆ{ p } dx ) 1

/ p { . }\end{ a l i gned }\ ]

\noindent Since

\ [\ begin { a l i gned } 0 \ l e q s l a n t \ int { D } [ A ( x , \nabla u ) −
A ( x , \nabla u { i } ) ] \cdot \nabla ( u − u { i } )
dx \\
\ l e q s l a n t \ int { G } \eta A ( x , \nabla u ) \cdot \nabla (

u − u { i } ) dx + C ( \ int { G } \mid u − u { i } \mid ˆ{ p }
dx ) 1 / p \end{ a l i gned }\ ]

\noindent and the weak convergence o f $ ( \nabla u { i } ) i $ to $ \nabla
u $ i m p l i e s that

\ [ \ lim { i \rightarrow \ infty } \ int { G } \eta A ( x , \nabla u
) \cdot \nabla ( u − u { i } ) dx = 0 , \ ]

\noindent we conclude

\ [ \ lim { i \rightarrow \ infty } \ int { D } [ A ( x , \nabla u )
− A ( x , \nabla u { i } ) ] \cdot \nabla ( u − u { i }
) dx = 0 . \ ]

\noindent Now \ h f i l l [ 1 0 , \ h f i l l Lemma 3 . 73 ] \ h f i l l i m p l i e s that $ A ( x
, \nabla u { i } ) $ \ h f i l l converges to $ A ( x , \nabla u ) $ weakly in

\begin { a l i g n ∗}
( L ˆ{ p ˆ{ \prime }} ( D ) ) ˆ{ n } { . }
\end{ a l i g n ∗}

\hspace ∗{\ f i l l }Let $ \psi \ in C ˆ{ \ infty } { 0 } ( G ) . $ \quad By the c o n t in u i t y in measure o f the Carath
$ \acute{e} $ odory func t i on

\noindent $ B ( x , z ) [ 1 1 ] $ \quad and by us ing the domination convergence theorem ( in measure ) , we
have

\ [ \ lim { i \rightarrow \ infty } \ int { \Omega } B ( x , u { i } )
\psi dx = \ int { \Omega } B ( x , u ) \psi dx . \ ]

\noindent F i n a l l y we obta in

\ [\ begin { a l i gned } 0 = \ lim { i \rightarrow \ infty } [ ˆ{ \ int } { \Omega }
A ( x , \nabla u { i } ) \cdot \nabla \psi dx + \ int { \Omega }
B ( x , u { i } ) \psi dx ] \\

= \ int { \Omega } A ( x , \nabla u ) \cdot \nabla \psi dx
+ \ int { \Omega } B ( x , u ) \psi dx . \end{ a l i gned }\ ]

\noindent By an a p p l i c a t i o n o f [ 1 8 , Coro l lay 4 . 1 8 ] f o r each $ u { i }$ we obta in

\ [ x \ in \ lim { \Omega , x \rightarrow z } u { i } ( x ) = f
i ( z ) \ ]
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If 0 less epsilon less Row 1 c sub 1 Row 2 pa 1 . p minus p 1 comma then integral sub omega bar nabla u sub i
bar to the power of p dx leqslant mu C open parenthesis M comma bar eta sub mu bar sub infinity minus prime from
nu to comma sub p sub epsilon to the power of p to the power of bar Capital Omega bar comma bar nabla eta bar
sub infinity comma epsilon closing parenthesis for all i period

It follows that the sequence open parenthesis u sub i closing parenthesis i is lo cally uniformly bounded in W to
the power of 1 comma p open parenthesis Capital Omega closing parenthesis period .. Fix

D Subset G Subset Capital Omega period .. Since open parenthesis u sub i closing parenthesis i .. converges
pointwise to u and by .. open square bracket 1 0 comma .. Theorem 1 period 32 closing square bracket comma

we obtain that u in W to the power of 1 comma p open parenthesis D closing parenthesis and open parenthesis
u sub i closing parenthesis i converges weakly comma in W to the power of 1 comma p open parenthesis D closing
parenthesis comma to u period .. Let

eta in C sub 0 to the power of infinity open parenthesis G closing parenthesis such that 0 leqslant eta leqslant 1
comma eta = 1 in D and testing by phi = eta open parenthesis u minus u sub i closing parenthesis for the

solution u sub i comma we have
Line 1 minus integral sub G eta A open parenthesis x comma nabla u sub i closing parenthesis times nabla open

parenthesis u minus u sub i closing parenthesis dx Line 2 = integral sub G open parenthesis u minus u sub i closing
parenthesis A open parenthesis x comma nabla u sub i closing parenthesis times nabla eta dx plus integral sub G eta
B open parenthesis x comma u sub i closing parenthesis open parenthesis u minus u sub i closing parenthesis dx Line
3 leqslant open parenthesis integral sub G bar u minus u sub i bar to the power of p dx closing parenthesis 1 slash
p open square bracket C plus nu open parenthesis integral sub G bar nabla u sub i bar to the power of p dx closing
parenthesis p minus p 1 closing square bracket Line 4 leqslant C open parenthesis integral sub G bar u minus u sub i
bar to the power of p dx closing parenthesis 1 slash p sub period

Since
Line 1 0 leqslant integral sub D open square bracket A open parenthesis x comma nabla u closing parenthesis minus

A open parenthesis x comma nabla u sub i closing parenthesis closing square bracket times nabla open parenthesis u
minus u sub i closing parenthesis dx Line 2 leqslant integral sub G eta A open parenthesis x comma nabla u closing
parenthesis times nabla open parenthesis u minus u sub i closing parenthesis dx plus C open parenthesis integral sub
G bar u minus u sub i bar to the power of p dx closing parenthesis 1 slash p

and the weak convergence of open parenthesis nabla u sub i closing parenthesis i to nabla u implies that
limint i right arrow infinity integral sub G eta A open parenthesis x comma nabla u closing parenthesis times nabla

open parenthesis u minus u sub i closing parenthesis dx = 0 comma
we conclude
limint i right arrow infinity integral sub D open square bracket A open parenthesis x comma nabla u closing

parenthesis minus A open parenthesis x comma nabla u sub i closing parenthesis closing square bracket times nabla
open parenthesis u minus u sub i closing parenthesis dx = 0 period

Now .... open square bracket 1 0 comma .... Lemma 3 period 73 closing square bracket .... implies that A open
parenthesis x comma nabla u sub i closing parenthesis .... converges to A open parenthesis x comma nabla u closing
parenthesis weakly in

open parenthesis L to the power of p to the power of prime open parenthesis D closing parenthesis closing paren-
thesis to the power of n sub period

Let psi in C sub 0 to the power of infinity open parenthesis G closing parenthesis period .. By the continuity in
measure of the Carath acute-e odory function

B open parenthesis x comma z closing parenthesis open square bracket 1 1 closing square bracket .. and by using
the domination convergence theorem open parenthesis in measure closing parenthesis comma we

have
limint i right arrow infinity integral sub Capital Omega B open parenthesis x comma u sub i closing parenthesis

psi dx = integral sub Capital Omega B open parenthesis x comma u closing parenthesis psi dx period
Finally we obtain
Line 1 0 = limint i right arrow infinity bracketleftbigg to the power of integral sub Capital Omega A open

parenthesis x comma nabla u sub i closing parenthesis times nabla psi dx plus integral sub Capital Omega B open
parenthesis x comma u sub i closing parenthesis psi dx bracketrightbigg Line 2 = integral sub Capital Omega A
open parenthesis x comma nabla u closing parenthesis times nabla psi dx plus integral sub Capital Omega B open
parenthesis x comma u closing parenthesis psi dx period

By an application of open square bracket 1 8 comma Corollay 4 period 1 8 closing square bracket for each u sub i
we obtain

x in limint Capital Omega comma x right arrow z u sub i open parenthesis x closing parenthesis = f i open
parenthesis z closing parenthesis
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If0 < ε <

(
c1
pa1

)
p− p1, then∫

ω

| ∇ui |p dx 6 µC(M, ‖ ηµ ‖∞− ′ν,|Ω|p εp ,‖
∇η ‖∞, ε)foralli.

It follows that the sequence (ui)i is lo cally uniformly bounded in W1,p(Ω). Fix D b
G b Ω. Since (ui)i converges pointwise to u and by [ 1 0 , Theorem 1 . 32 ] ,
we obtain that u ∈ W1,p(D) and (ui)i converges weakly , in W1,p(D), to u. Let η ∈
C∞0 (G) such that 0 6 η 6 1, η = 1 in D and testing by φ = η(u− ui) for the
solution ui, we have

−
∫
G

ηA(x,∇ui) · ∇(u− ui)dx

=

∫
G

(u− ui)A(x,∇ui) · ∇ηdx+

∫
G

ηB(x, ui)(u− ui)dx

6 (

∫
G

| u− ui |p dx)1/p[C + ν(

∫
G

| ∇ui |p dx)p− p1]

6 C(

∫
G

| u− ui |p dx)1/p.

Since

0 6
∫
D

[A(x,∇u)−A(x,∇ui)] · ∇(u− ui)dx

6
∫
G

ηA(x,∇u) · ∇(u− ui)dx+ C(

∫
G

| u− ui |p dx)1/p

and the weak convergence of (∇ui)i to ∇u implies that

lim
i→∞

∫
G

ηA(x,∇u) · ∇(u− ui)dx = 0,

we conclude

lim
i→∞

∫
D

[A(x,∇u)−A(x,∇ui)] · ∇(u− ui)dx = 0.

Now [ 1 0 , Lemma 3 . 73 ] implies that A(x,∇ui) converges to A(x,∇u) weakly in

(Lp
′
(D))n.

Let ψ ∈ C∞0 (G). By the continuity in measure of the Carath é odory function
B(x, z) [11] and by using the domination convergence theorem ( in measure ) , we have

lim
i→∞

∫
Ω

B(x, ui)ψdx =

∫
Ω

B(x, u)ψdx.

Finally we obtain

0 = lim
i→∞

[
∫
ΩA(x,∇ui) · ∇ψdx+

∫
Ω

B(x, ui)ψdx]

=

∫
Ω

A(x,∇u) · ∇ψdx+

∫
Ω

B(x, u)ψdx.

By an application of [ 1 8 , Corollay 4 . 1 8 ] for each ui we obtain



x ∈ lim
Ω,x→z

ui(x) = fi(z)
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f o r a l l $ z \ in \partial \Omega . $ From the f o l l o w i n g e s t imat i on , o f $ u $

on a l l $ \Omega , $

\ [ u { i } − 2 ˆ{ − i } \ l e q s l a n t u \ l e q s l a n t u { i } + 2 ˆ{ − i }
f o r a l l i \ ]

\noindent we deduce that f o r a l l $ i $

\ [ f i ( z ) − 2 ˆ{ − i } \ l e q s l a n t x \rightarrow z ˆ{ x \ in
\Omega } { \ lim \ inf } u ( z ) \ l e q s l a n t x \rightarrow z ˆ{ x \ in
\Omega } { \ lim \sup } u ( z ) \ l e q s l a n t f i ( z ) + 2 ˆ{ −
i } . \ ]

\noindent Lett ing $ i \rightarrow \ infty $ we obta in

\ [ \ lim { x \rightarrow z } u ( x ) = f ( z ) \ ]

\noindent f o r a l l $ z \ in \partial \Omega $ which f i n i s h e s the proo f $ . \ square $

\noindent Coro l l a ry 4 . 1 . \quad There e x i s t s a b a s i s $ V $ o f r e g u l a r s e t s which i s s t a b l e by i n t e r s e c t i o n
i . e . f o r e very $ U $ and $ V $ in $ V , $ we have $ U \cap V \ in

V . $

\hspace ∗{\ f i l l }The proo f o f t h i s c o r o l l a r y can be found in Theorem 4 . 1 and [ 1 0 , Coro l l a ry 6 . 32 ] .

\hspace ∗{\ f i l l }For every open s e t $ V $ and f o r every $ f \ in C ( \partial
V ) $ we s h a l l denote by $ H { V } f $ the

\noindent s o l u t i o n o f th e D i r i c h l e t problem f o r the equat ion ( 1 . 1 ) on $ V $
with the boundary

data $ f . $

\centerline {5 . \quad Nonl inear P o t en t i a l Theory a s s o c i a t e d with the equat ion ( 1 . 1 ) }

For every open s e t $ U $ we s h a l l denote by $ U ( U ) $ the s e t o f a l l r e l a t i v e l y compact
open , r e g u l a r subset $ V $ in $ U $ with $ V \subset U . $

\hspace ∗{\ f i l l }By prev ious s e c t i o n and in order to obta in an axiomat ic non l in ea r p o t e n t i a l

\noindent theory , we s h a l l i n v e s t i g a t e the harmonic shea f a s s o c i a t e d with ( 1 . 1 ) and de f ined as

\noindent f o l l o w s : For every open subset $ U $ o f $ R ˆ{ d } ( d \ geq s l an t
1 ) , $ we s e t

\centerline{ $ H ( U ) = \{ u \ in C ( U ) \cap W ˆ{ 1 ,
p } { l o c } ( U ) : u $ i s a s o l u t i o n o f $ ( 1 . 1 ) \} $ }

\ [ = \{ u \ in C ( U ) : H { V } u = u f o r every V \ in
U ( U ) \} { . }\ ]

\noindent Element in the s e t $ H ( U ) $ are c a l l e d harmonic on $ U . $

\hspace ∗{\ f i l l }We r e c a l l ( s e e \quad [ 4 ] ) that $ ( X , H ) $ s a t i s f i e s the Bauer convergence property i f f o r

\noindent every subset $ U $ o f $ X $ and every monotone sequence $ ( h { n }
) { n }$ in $ H ( U ) , $ we have $ h = $

\noindent $ \ lim { n \rightarrow \ infty } h { n } \ in H ( U ) $ i f i t i s l o c a l l y bounded .

\noindent Propos i t i on 5 . 1 . \quad Let be $ U $ an open subset o f $ R ˆ{ d } . $
\quad Then every fami ly $ F \subset H ( U ) $

o f l o c a l l y uni formly bounded harmonic f u n c t i o n s i s equ icont inuous .

\noindent Proof . \ h f i l l Let $ V \subset V \subset U $ and a fami ly $ F \subset
H ( U ) $ o f l o c a l l y uni formly bounded

\noindent harmonic f u n c t i o n s . \quad Then sup $ \{ \mid u ( x ) \mid :
x \ in V $ and $ u \ in F \} < \ infty $ and by \quad [ 1 8 ] , \quad i s

equ icont inuous on $ V . \ square $

\noindent Coro l l a ry \quad 5 . 1 . \quad We have the Bauer convergence p r o p e r t i e s and moreover every
l o c a l l y bounded fami ly o f harmonic f u n c t i o n s on an open s e t i s r e l a t i v e l y compact .

\noindent Proof . \ h f i l l Let $ U $ be an open s e t and $ F $ a l o c a l l y bounded subfami ly o f
$ H ( U ) . $ \ h f i l l By

\noindent Propos i t i on 5 . 1 , the re e x i s t a sequence $ ( u { n } ) { n }$ in $ F $
which converge to $ u $ on $ U $ l o c a l l y

\noindent uni formly . \quad Let now $ V \ in U ( U ) . $ \quad For every
$ \varepsilon > 0 , $ the re e x i s t s $ n { 0 } \ in N $ such that

$ u − \varepsilon \ l e q s l a n t u { n } \ l e q s l a n t u + \varepsilon $ f o r every
$ n \ geq s l an t n { 0 } . $ \quad The comparison p r i n c i p l e y i e l d s t h e r e f o r e

$ ( H { V } u ) − \varepsilon \ l e q s l a n t u { n } \ l e q s l a n t ( H { V }
u ) + \varepsilon , $ thus $ ( H { V } u ) − \varepsilon \ l e q s l a n t
u \ l e q s l a n t ( H { V } u ) + \varepsilon . $ Let t ing $ \varepsilon
\rightarrow 0 , $ we

\ [ get u = H { V } u . \ square \ ]

1 0 .. A period BAALAL ampersand A period BOUKRICHA .. EJDE endash 2 0 1 slash 3 1
for all z in partialdiff Capital Omega period From the following estimation comma of u on all Capital Omega

comma
u sub i minus 2 to the power of minus i leqslant u leqslant u sub i plus 2 to the power of minus i for all i
we deduce that for all i
f i open parenthesis z closing parenthesis minus 2 to the power of minus i leqslant x right arrow z from x in Capital

Omega to limint inf u open parenthesis z closing parenthesis leqslant x right arrow z from x in Capital Omega to
limint supremum u open parenthesis z closing parenthesis leqslant f i open parenthesis z closing parenthesis plus 2 to
the power of minus i period

Letting i right arrow infinity we obtain
limint x right arrow z u open parenthesis x closing parenthesis = f open parenthesis z closing parenthesis
for all z in partialdiff Capital Omega which finishes the proof period square
Corollary 4 period 1 period .. There exists a basis V of regular s e ts which is s table by inters ection
i period e period for e very U and V in V comma we have U cap V in V period
The proof of this corollary can be found in Theorem 4 period 1 and open square bracket 1 0 comma Corollary 6

period 32 closing square bracket period
For every open set V and for every f in C open parenthesis partialdiff V closing parenthesis we shall denote by H

sub V f the
s o lutio n of th e Dirichlet problem for the equation open parenthesis 1 period 1 closing parenthesis on V with

the boundary
data f period
5 period .. Nonlinear Potential Theory associated with the equation open parenthesis 1 period 1 closing parenthesis
For every open set U we shall denote by U open parenthesis U closing parenthesis the set of all relatively compact
open comma regular subset V in U with V subset U period
By previous section and in order to obtain an axiomatic nonlinear potential
theory comma we shall investigate the harmonic sheaf associated with open parenthesis 1 period 1 closing paren-

thesis and defined as
follows : For every open subset U of R to the power of d open parenthesis d geqslant 1 closing parenthesis comma

we set
H open parenthesis U closing parenthesis = braceleftbig u in C open parenthesis U closing parenthesis cap W sub

lo c to the power of 1 comma p open parenthesis U closing parenthesis : u is a solution of open parenthesis 1 period
1 closing parenthesis bracerightbig

= braceleftbig u in C open parenthesis U closing parenthesis : H sub V u = u for every V in U open parenthesis
U closing parenthesis bracerightbig sub period

Element in the set H open parenthesis U closing parenthesis are called harmonic on U period
We recall open parenthesis see .. open square bracket 4 closing square bracket closing parenthesis that open

parenthesis X comma H closing parenthesis satisfies the Bauer convergence property if for
every subset U of X and every monotone sequence open parenthesis h sub n closing parenthesis sub n in H open

parenthesis U closing parenthesis comma we have h =
limint sub n right arrow infinity h sub n in H open parenthesis U closing parenthesis if it is lo cally bounded period
Proposition 5 period 1 period .. Let be U an open subset of R to the power of d period .. Then every family F

subset H open parenthesis U closing parenthesis
of locally uniformly bounded harmonic functions is equicontinuous period
Proof period .... Let V subset V subset U and a family F subset H open parenthesis U closing parenthesis of lo

cally uniformly bounded
harmonic functions period .. Then sup braceleftbig bar u open parenthesis x closing parenthesis bar : x in V and

u in F bracerightbig less infinity and by .. open square bracket 1 8 closing square bracket comma .. is
equicontinuous on V period square
Corollary .. 5 period 1 period .. We have the Bauer convergence properties and moreover every
locally bounded family of harmonic functions on an open s e t is relatively compact period
Proof period .... Let U be an open set and F a lo cally bounded subfamily of H open parenthesis U closing

parenthesis period .... By
Proposition 5 period 1 comma there exist a sequence open parenthesis u sub n closing parenthesis sub n in F which

converge to u on U lo cally
uniformly period .. Let now V in U open parenthesis U closing parenthesis period .. For every epsilon greater 0

comma there exists n sub 0 in N such that
u minus epsilon leqslant u sub n leqslant u plus epsilon for every n geqslant n sub 0 period .. The comparison

principle yields therefore
open parenthesis H sub V u closing parenthesis minus epsilon leqslant u sub n leqslant open parenthesis H sub V

u closing parenthesis plus epsilon comma thus open parenthesis H sub V u closing parenthesis minus epsilon leqslant
u leqslant open parenthesis H sub V u closing parenthesis plus epsilon period Letting epsilon right arrow 0 comma we

get u = H sub V u period square

1 0 A . BAALAL & A . BOUKRICHA EJDE – 2 0 1 / 3 1 for all z ∈ ∂Ω. From the following
estimation , of u on all Ω,

ui − 2−i 6 u 6 ui + 2−iforalli

we deduce that for all i

fi(z)− 2−i 6 x→ zx∈Ω
lim infu(z) 6 x→ zx∈Ω

lim supu(z) 6 fi(z) + 2−i.

Letting i→∞ we obtain

lim
x→z

u(x) = f(z)

for all z ∈ ∂Ω which finishes the proof . �
Corollary 4 . 1 . There exists a basis V of regular s e ts which is s table by inters
ection i . e . for e very U and V in V, we have U ∩ V ∈ V.

The proof of this corollary can be found in Theorem 4 . 1 and [ 1 0 , Corollary 6 . 32 ]
.

For every open set V and for every f ∈ C(∂V ) we shall denote by HV f the
s o lutio n of th e Dirichlet problem for the equation ( 1 . 1 ) on V with the boundary
data f.

5 . Nonlinear Potential Theory associated with the equation ( 1 . 1 )
For every open set U we shall denote by U(U) the set of all relatively compact open ,

regular subset V in U with V ⊂ U.
By previous section and in order to obtain an axiomatic nonlinear potential

theory , we shall investigate the harmonic sheaf associated with ( 1 . 1 ) and defined as
follows : For every open subset U of Rd(d > 1), we set

H(U) = {u ∈ C(U) ∩W1,p
loc (U) : u is a solution of (1.1)}

= {u ∈ C(U) : HV u = uforeveryV ∈ U(U)}.
Element in the set H(U) are called harmonic on U.

We recall ( see [ 4 ] ) that (X,H) satisfies the Bauer convergence property if for
every subset U of X and every monotone sequence (hn)n in H(U), we have h =
limn→∞ hn ∈ H(U) if it is lo cally bounded .
Proposition 5 . 1 . Let be U an open subset of Rd. Then every family F ⊂ H(U)
of locally uniformly bounded harmonic functions is equicontinuous .
Proof . Let V ⊂ V ⊂ U and a family F ⊂ H(U) of lo cally uniformly
bounded
harmonic functions . Then sup {| u(x) |: x ∈ V and u ∈ F} < ∞ and by [ 1 8 ] ,
is equicontinuous on V. �
Corollary 5 . 1 . We have the Bauer convergence properties and moreover every
locally bounded family of harmonic functions on an open s e t is relatively compact .
Proof . Let U be an open set and F a lo cally bounded subfamily of H(U). By
Proposition 5 . 1 , there exist a sequence (un)n in F which converge to u on U lo cally
uniformly . Let now V ∈ U(U). For every ε > 0, there exists n0 ∈ N such that
u−ε 6 un 6 u+ε for every n > n0. The comparison principle yields therefore (HV u)−ε 6
un 6 (HV u) + ε, thus (HV u)− ε 6 u 6 (HV u) + ε. Letting ε→ 0, we

getu = HV u. �
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Proposition 5 . 2 . [ 4 ] Let V a regular subset of Rd and le t (fn)n and f in
C(∂V )
such that (fn)n is a monotone s equence converging to f. Then supnHV fn converge

toHV f.

Proof . Let V a regular subset of Rd and let (fn)n and f in C(∂V ) such that (fn)n is
increasing to f. Then , by Lemma 4 . 1 , we have

supHV fn 6 HV f

n

and , by Corollary 5.1 supn H V fn ∈ H(V ). Moreover , For every n and every z ∈ ∂V we
have

fn(z) ≤ lim
x→z

inf(sup
n
HV fn(x)) ≤ lim

x→z
sup(sup

n
HV fn(x)) 6 f(z).

Letting n tend to infinity we obtain that

f(z) =
(

lim
x→z

sup
n
HV fn)(x).

By Lemma 4 . 1 , this shows that in fact H V f = supnHV fn. An analogous proof can
be given if (fn)n is decreasing .

�

Corollary 5 . 2 . [ 4 ] Let V be a regular subset of Rd and (fn)n and (gn)n to s
equences in C(∂V ) which are monotone in the same s ense such that limn fn = limn gn.
Then

lim
n
HV fn = lim

n
HV gn.

Proof . We assume without loss the generality that (fn) and (gn) are both increasing .
Obviously , HV (gn ∧ fm) 6 H V gn for every n and m in N, hence supnHV (gn ∧ fm) 6
supnHV gn for every m. Since the sequence (gn∧ fm)n is increasing to fm, the previous
proposition implies that H V fm 6 supnHV gn. We then have supnHV fn 6
supn H V gn. Permuting (fn) and (gn) we obtain the converse inequality . �

Let V be a regular subset of Rd. For every lower bounded and lower semicon - tinuous
function v on ∂V we define the set

HV v = sup {HV fn : (fn)n in C(∂V ) and increasing to v}.

n

For every upper bounded and upper semicontinuous function u on ∂V we define
HV u = infn{HV fn : (fn)n in C(∂V ) and decreasing to u}.

Let be U an open set of Rd. A lower semicontinuous and lo cally lower bounded function
u from U to R is termed hyperharmonic on U if HV u 6 u on V for all V in U(U).
A upper semicontinuous and lo cally upper bounded function v from U to R is termed
hypoharmonic on U if HV u > u on V for all V in U(U). We will
denote by ∗H(U)( resp . ∗H (U)) the set of all hyperharmonic ( resp . hypoharmonic )
functions on U.
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Propos i t i on 5 . 2 . \quad [ 4 ] Let $ V $ a r e g u l a r subset o f $ R ˆ{ d }$ and l e t

$ ( f { n } ) { n }$ and $ f $ in $ C ( \partial V ) $

\noindent such that $ ( f { n } ) { n }$ i s a monotone s equence converg ing to
$ f . $ \ h f i l l Then $ \sup { n } H { V } f { n }$ converge

\begin { a l i g n ∗}
to H { V } f .
\end{ a l i g n ∗}

\noindent Proof . \quad Let $ V $ a r e g u l a r subset o f $ R ˆ{ d }$ and l e t $ ( f { n }
) { n }$ and $ f $ in $ C ( \partial V ) $ such that $ ( f { n } ) { n }$

i s i n c r e a s i n g to $ f . $ Then , by Lemma 4 . 1 , we have

\ [\ begin { a l i gned } \sup H { V } f { n } \ l e q s l a n t H { V } f \\
n \end{ a l i gned }\ ]

\noindent and , by Coro l l a ry $ 5 . 1 \sup { n }$ H $ V f { n } \ in H
( V ) . $ Moreover , For every $ n $ and every $ z \ in \partial V $
we have

\ [ f { n } ( z ) \ leq \ lim { x \rightarrow z } \ inf ( \sup { n }
H { V } f { n } ( x ) ) \ leq \ lim { x \rightarrow z } \sup ( \sup { n }
H { V } f { n } ( x ) ) \ l e q s l a n t f ( z ) . \ ]

\noindent Lett ing $ n $ tend to i n f i n i t y we obta in that

\ [ f ( z ) = \ lim { x \rightarrow z }ˆ{ ( } \sup { n } H { V } f { n }
) ( x ) . \ ]

\noindent By Lemma 4 . 1 , t h i s shows that in f a c t H $ V f = \sup { n } H { V }
f { n } . $ \quad An analogous proo f
can be g iven i f $ ( f { n } ) { n }$ i s dec r ea s ing .

\begin { a l i g n ∗}
\ square
\end{ a l i g n ∗}

\noindent Coro l l a ry 5 . 2 . \quad [ 4 ] Let $ V $ be a r e g u l a r subset o f $ R ˆ{ d }$
and $ ( f { n } ) { n }$ and $ ( g n ) { n }$ to s equences

in $ C ( \partial V ) $ which are monotone in the same s ense such that $ \ lim { n }
f { n } = \ lim { n } g n . $ \quad Then

\begin { a l i g n ∗}
\ lim { n } H { V } f { n } = \ lim { n } H { V } g n .
\end{ a l i g n ∗}

\noindent Proof . \ h f i l l We assume without l o s s the g e n e r a l i t y that $ ( f { n } ) $
and $ ( g n ) $ are both i n c r e a s i n g .

\noindent Obviously $ , H { V } ( g n \wedge f { m } ) \ l e q s l a n t $ H
$ V g n $ f o r every $ n $ and $ m $ in $ N , $ hence $ \sup { n } H { V }
( g n \wedge f { m } ) \ l e q s l a n t $

\noindent $ \sup { n } H { V } g n $ f o r every $ m . $ \quad Since the sequence
$ ( g n \wedge f { m } ) { n }$ i s i n c r e a s i n g to $ f { m } , $ the

prev ious p r o p o s i t i o n i m p l i e s that H $ V f { m } \ l e q s l a n t \sup { n } H { V }
g n . $ We then have $ \sup { n } H { V } f { n } \ l e q s l a n t $

\noindent $ \sup { n }$ H $ V g n . $ Permuting $ ( f { n } ) $ and
$ ( g n ) $ we obta in the converse i n e q u a l i t y $ . \ square $

Let $ V $ be a r e g u l a r subset o f $ R ˆ{ d } . $ \quad For every lower bounded and lower semicon −
t inuous func t i on $ v $ on $ \partial V $ we d e f i n e the s e t

\centerline{ $ H { V } v = $ sup $ \{ H { V } f { n } : ( f { n } ) { n }$
in $ C ( \partial V ) $ and i n c r e a s i n g to $ v \} . $ }

\ [ n \ ]

\noindent For every upper bounded and upper semicont inuous func t i on $ u $ on $ \partial
V $ we d e f i n e

\centerline{ $ H { V } u = \ inf { n } \{ H { V } f { n } : ( f { n }
) { n }$ in $ C ( \partial V ) $ and dec r ea s ing to $ u \} . $ }

Let be $ U $ an open s e t o f $ R ˆ{ d } . $ A lower semicont inuous and l o c a l l y lower bounded
func t i on $ u $ from $ U $ to $ R $ i s termed hyperharmonic on $ U $ i f $ H { V }

u \ l e q s l a n t u $ on $ V $ f o r a l l $ V $
in $ U ( U ) . $ \quad A upper semicont inuous and l o c a l l y upper bounded func t i on

$ v $ from $ U $
to $ R $ i s termed \quad hypoharmonic on $ U $ i f $ H { V } u \ geq s l an t u $

on $ V $ f o r a l l $ V $ in $ U ( U ) . $ \quad We w i l l

\noindent denote by $ ∗ { H } ( U ) ( $ resp $ . ∗ ˆ{ H } ( U ) ) $
the s e t o f a l l hyperharmonic ( re sp . hypoharmonic )

f u n c t i o n s on $ U . $

\hspace ∗{\ f i l l }For $ u \ in aster i skmath−H ( U ) , v \ in ∗ ˆ{ H } (
U ) $ and $ k \ geq s l an t 0 $ we have $ u + k \ in ∗ { H } ( U ) $
and $ v − k \ in ∗ ˆ{ H } ( U ) . $

\noindent Indeed , l e t $ V \ in U ( U ) $ and a cont inuous func t i on such that
$ g \ l e q s l a n t u + k $ on $ \partial V , $ then

\noindent $ H { V } ( g − k ) \ l e q s l a n t H { V } u \ l e q s l a n t u . $
S ince $ ( H { V } g ) − k \ l e q s l a n t H { V } ( g − k ) , $
we t h e r e f o r e get $ H { V } g \ l e q s l a n t u + k $

\begin { a l i g n ∗}
and thus u + k \ in ∗ { H } ( U ) .
\end{ a l i g n ∗}

\centerline{We have the f o l l o w i n g comparison p r i n c i p l e : }
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Proposition 5 period 2 period .. open square bracket 4 closing square bracket Let V a regular subset of R to the

power of d and le t open parenthesis f sub n closing parenthesis sub n and f in C open parenthesis partialdiff V closing
parenthesis

such that open parenthesis f sub n closing parenthesis sub n is a monotone s equence converging to f period ....
Then supremum sub n H sub V f sub n converge

to H sub V f period
Proof period .. Let V a regular subset of R to the power of d and let open parenthesis f sub n closing parenthesis sub

n and f in C open parenthesis partialdiff V closing parenthesis such that open parenthesis f sub n closing parenthesis
sub n

is increasing to f period Then comma by Lemma 4 period 1 comma we have
Line 1 supremum H sub V f sub n leqslant H sub V f Line 2 n
and comma by Corollary 5 period 1 supremum sub n H V f sub n in H open parenthesis V closing parenthesis

period Moreover comma For every n and every z in partialdiff V
we have
f sub n open parenthesis z closing parenthesis less or equal limint x right arrow z inf open parenthesis supremum

n H sub V f sub n open parenthesis x closing parenthesis closing parenthesis less or equal limint x right arrow z
supremum open parenthesis supremum n H sub V f sub n open parenthesis x closing parenthesis closing parenthesis
leqslant f open parenthesis z closing parenthesis period

Letting n tend to infinity we obtain that
f open parenthesis z closing parenthesis = limint x right arrow z to the power of open parenthesis supremum n H

sub V f sub n closing parenthesis open parenthesis x closing parenthesis period
By Lemma 4 period 1 comma this shows that in fact H V f = supremum sub n H sub V f sub n period .. An

analogous proof
can be given if open parenthesis f sub n closing parenthesis sub n is decreasing period
square
Corollary 5 period 2 period .. open square bracket 4 closing square bracket Let V be a regular subset of R to the

power of d and open parenthesis f sub n closing parenthesis sub n and open parenthesis g n closing parenthesis sub n
to s equences

in C open parenthesis partialdiff V closing parenthesis which are monotone in the same s ense such that limint
sub n f sub n = limint sub n g n period .. Then

limint sub n H sub V f sub n = limint sub n H sub V g n period
Proof period .... We assume without loss the generality that open parenthesis f sub n closing parenthesis and open

parenthesis g n closing parenthesis are both increasing period
Obviously comma H sub V open parenthesis g n and f sub m closing parenthesis leqslant H V g n for every n and

m in N comma hence supremum sub n H sub V open parenthesis g n and f sub m closing parenthesis leqslant
supremum sub n H sub V g n for every m period .. Since the sequence open parenthesis g n and f sub m closing

parenthesis sub n is increasing to f sub m comma the
previous proposition implies that H V f sub m leqslant supremum sub n H sub V g n period We then have

supremum sub n H sub V f sub n leqslant
supremum sub n H V g n period Permuting open parenthesis f sub n closing parenthesis and open parenthesis g

n closing parenthesis we obtain the converse inequality period square
Let V be a regular subset of R to the power of d period .. For every lower bounded and lower semicon hyphen
tinuous function v on partialdiff V we define the set
H sub V v = sup open brace H sub V f sub n : open parenthesis f sub n closing parenthesis sub n in C open

parenthesis partialdiff V closing parenthesis and increasing to v closing brace period
n
For every upper bounded and upper semicontinuous function u on partialdiff V we define
H sub V u = inf n open brace H sub V f sub n : open parenthesis f sub n closing parenthesis sub n in C open

parenthesis partialdiff V closing parenthesis and decreasing to u closing brace period
Let be U an open set of R to the power of d period A lower semicontinuous and lo cally lower bounded
function u from U to R is termed hyperharmonic on U if H sub V u leqslant u on V for all V
in U open parenthesis U closing parenthesis period .. A upper semicontinuous and lo cally upper bounded function

v from U
to R is termed .. hypoharmonic on U if H sub V u geqslant u on V for all V in U open parenthesis U closing

parenthesis period .. We will
denote by * sub H open parenthesis U closing parenthesis open parenthesis resp period * to the power of H

open parenthesis U closing parenthesis closing parenthesis the set of all hyperharmonic open parenthesis resp period
hypoharmonic closing parenthesis

functions on U period
For u in asteriskmath-H open parenthesis U closing parenthesis comma v in * to the power of H open parenthesis

U closing parenthesis and k geqslant 0 we have u plus k in * sub H open parenthesis U closing parenthesis and v
minus k in * to the power of H open parenthesis U closing parenthesis period

Indeed comma let V in U open parenthesis U closing parenthesis and a continuous function such that g leqslant u
plus k on partialdiff V comma then

H sub V open parenthesis g minus k closing parenthesis leqslant H sub V u leqslant u period Since open parenthesis
H sub V g closing parenthesis minus k leqslant H sub V open parenthesis g minus k closing parenthesis comma we
therefore get H sub V g leqslant u plus k

and thus u plus k in * sub H open parenthesis U closing parenthesis period
We have the following comparison principle :

For u ∈ asteriskmath−H(U), v ∈ ∗H(U) and k > 0 we have u+ k ∈ ∗H(U) and
v − k ∈ ∗H(U).
Indeed , let V ∈ U(U) and a continuous function such that g 6 u+ k on ∂V, then
HV (g − k) 6 HV u 6 u. Since (HV g)− k 6 HV (g − k), we therefore get HV g 6 u+ k

andthusu+ k ∈ ∗H(U).

We have the following comparison principle :
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\noindent Lemma 5 . 1 . \ h f i l l Suppose that $ u $ i s hyperharmonic and $ v $ i s hypoharmonic on an open

\noindent s e t $ U . $ \quad I f

\ [ \ lim { U \ni x \rightarrow y } \sup v ( x ) \ l e q s l a n t \ lim { U
\ni x \rightarrow y }ˆ{ \ inf u ( x ) }\ ]

\noindent f o r a l l $ y \ in \partial U $ and i f both s i d e s o f the prev ious in e q u a l i t y are not s imultaneous ly
$ + \ infty $ o r $ − \ infty , $ then $ v \ l e q s l a n t u $ in $ U . $

\centerline{The proo f i s the same as in [ 1 0 , p . \quad 1 33 ] . }

\centerline {6 . \quad Sheaf Property f o r Hyperharmonic and Hypoharmonic Functions }

\hspace ∗{\ f i l l }For open subse t s $ U $ o f $ R ˆ{ d } , $ we denote by $ S ( U
) ( $ resp . \quad by $ S ( U ) ) $ the s e t o f a l l

\noindent s u p e r s o l u t i o n s ( re sp . s u b s o l u t i o n s ) o f the equat ion ( 1 . 1 ) on $ U . $

\hspace ∗{\ f i l l }Reca l l that a map $ F $ which to each open subset $ U $ o f $ R ˆ{ d }$
a s s i g n s a subset $ F ( U ) $

\noindent o f $ B ( U ) $ i s c a l l e d shea f i f we have the f o l l o w i n g two p r o p e r t i e s :

\noindent ( Preshea f Property ) \ h f i l l For every two open subse t s $ U , V $ o f
$ R ˆ{ d }$ such that $ U \subset V , $

\begin { a l i g n ∗}
F ( V ) { \mid } U \subset F ( U )
\end{ a l i g n ∗}

\noindent ( L o c a l i z a t i o n Property ) For any fami ly $ ( U { i } ) { i \ in I }$
o f open subse t s and any numerica l

\noindent f unc t i on $ h $ on $ U = \bigcup { i \ in I } U { i } , h \ in
F ( U ) $ i f $ h { \mid U { i }} \ in F ( U { i } ) $ f o r every
$ i \ in I . $

An easy v e r i f i c a t i o n g i v e s that $ S $ and $ S $ are sheaves . \quad Furthermore , we have the
f o l l o w i n g r e s u l t s which g e n e r a l i z e many e a r l i e r [ 1 7 , 2 , 7 , 1 0 ] .

\noindent Theorem 6 . 1 . \quad Let $ U $ be a non empty open subset in $ R ˆ{ d }$
and $ u \ in aster i skmath−H ( U ) \cap B { b } ( U ) . $

Then $ u $ i s a s u p e r s o l u t i o n on $ U . $

\noindent Proof . \quad F i r s t , \quad we s h a l l prove that f o r every open $ O \subset
O \subset U , $ \quad the re e x i s t s an

i n c r e a s i n g sequence $ ( u { i } ) i $ in in $ O $ o f s u p e r s o l u t i o n s such that
$ u = \ lim { i \rightarrow \ infty } u { i }$ on $ O . $

\noindent Let $ ( \phi i ) i $ be an i n c r e a s i n g sequence in $ C ˆ{ \ infty } { c }
( U ) $ such that $ u = \sup { i } \phi i $ on $ O . $ \quad Let $ u { i }$

be the s o l u t i o n o f the o b s t a c l e problem in the non empty convex s e t

\ [ K { i } : = \{ v \ in W ˆ{ 1 , p } ( O ) : \phi i \ l e q s l a n t
v \ l e q s l a n t \paral le l \phi i \paral le l \ infty + \paral le l \phi i
+ 1 \paral le l \ infty and v − \phi i \ in W ˆ{ 1 , p } { 0 } (
O ) \} . \ ]

\noindent The e x i s t e n c e and the uniqueness are g iven r e s p e c t i v e l y by Theorem 3 . 1 ; moreover
i s a s u p e r s o l u t i o n ( Theorem 3 . 2 ) . \quad Since $ u { i + 1 }$ i s a s u p e r s o l u t i o n and

$ u { i } \wedge u { i + 1 } \ in K { i } , $
we have $ u { i } \ l e q s l a n t u { i + 1 }$ in $ O . $ We have to prove that the sequence

$ ( u { i } ) i $ i s i n c r e a s i n g to $ u . $
Let $ x { 0 }$ be an element o f the open subset $ G { i } : = \{ x \ in

O : \phi i ( x ) < u { i } ( x ) \} $ and $ \omega $ be a
domain such that $ x { 0 } \ in \omega \subset \omega \subset G { i } . $

S ince f o r every $ \psi \ in C ˆ{ \ infty } { c } ( \omega ) $ and f o r s u f f i c i e n t l y

\begin { a l i g n ∗}
smal l \mid \varepsilon \mid u { i } \pm \varepsilon \psi \ in K { i }

, \\ \ int { \omega } A ( x , \nabla u { i } ) \cdot \nabla \psi
dx + \ int { \omega } B ( x , u { i } ) \psi dx = 0 .
\end{ a l i g n ∗}

\noindent Then $ u { i }$ i s a s o l u t i o n o f the equat ion ( 1 . 1 ) on $ \omega $ and by the shea f property o f
$ H , $

$ u { i }$ i s a s o l u t i o n o f the equat ion ( 1 . 1 ) on $ G { i } . $ Now the comparison p r i n c i p l e i m p l i e s

\noindent that $ u { i } \ l e q s l a n t u $ on $ G { i } , $ hence $ \phi i
\ l e q s l a n t u { i } \ l e q s l a n t u $ on $ O $ and t h e r e f o r e $ u = \sup { i }
u { i } . $ F i n a l l y , the

boundedness o f the sequence $ ( u { i } ) i $ and the same techn iques in the proo f o f Theorem

\noindent 4 . 1 y i e l d that $ ( u { i } ) i $ i s l o c a l l y bounded in $ W ˆ{ 1
, p } ( O ) $ and that $ u $ i s a s u p e r s o l u t i o n o f
the equat ion ( 1 . 1 ) in $ O . \ square $

\noindent Coro l l a ry 6 . 1 . Let $ U $ be a non empty open subset in $ R ˆ{ d }$ and
$ u \ in W ˆ{ 1 , p } { l o c } ( U ) \cap ∗ { H } ( U ) . $

Then $ u $ i s a s u p e r s o l u t i o n on $ U . $ \quad Moreover the infinimum of two s u p e r s o l u t i o n s i s

\noindent a l s o a s u p e r s o l u t i o n .

1 2 .... A period BAALAL ampersand A period BOUKRICHA .... EJDE endash 2 0 1 slash 3 1
Lemma 5 period 1 period .... Suppose that u is hyperharmonic and v is hypoharmonic on an open
s e t U period .. If
limint U ni x right arrow y supremum v open parenthesis x closing parenthesis leqslant limint U ni x right arrow

y to the power of inf u open parenthesis x closing parenthesis
for all y in partialdiff U and if both s ides of the previous in equality are not s imultaneously
plus infinity o r minus infinity comma then v leqslant u in U period
The proof is the same as in open square bracket 1 0 comma p period .. 1 33 closing square bracket period
6 period .. Sheaf Property for Hyperharmonic and Hypoharmonic Functions
For open subsets U of R to the power of d comma we denote by S open parenthesis U closing parenthesis open

parenthesis resp period .. by S open parenthesis U closing parenthesis closing parenthesis the set of all
supersolutions open parenthesis resp period subsolutions closing parenthesis of the equation open parenthesis 1

period 1 closing parenthesis on U period
Recall that a map F which to each open subset U of R to the power of d assigns a subset F open parenthesis U

closing parenthesis
of B open parenthesis U closing parenthesis is called sheaf if we have the following two properties :
open parenthesis Presheaf Property closing parenthesis .... For every two open subsets U comma V of R to the

power of d such that U subset V comma
F open parenthesis V closing parenthesis sub bar U subset F open parenthesis U closing parenthesis
open parenthesis Localization Property closing parenthesis For any family open parenthesis U sub i closing paren-

thesis sub i in I of open subsets and any numerical
function h on U = union of sub i in I U sub i comma h in F open parenthesis U closing parenthesis if h sub bar U

sub i in F open parenthesis U sub i closing parenthesis for every i in I period
An easy verification gives that S and S are sheaves period .. Furthermore comma we have the
following results which generalize many earlier open square bracket 1 7 comma 2 comma 7 comma 1 0 closing

square bracket period
Theorem 6 period 1 period .. Let U be a non empty open subset in R to the power of d and u in asteriskmath-H

open parenthesis U closing parenthesis cap B sub b open parenthesis U closing parenthesis period
Then u is a supersolution on U period
Proof period .. First comma .. we shall prove that for every open O subset O subset U comma .. there exists an
increasing sequence open parenthesis u sub i closing parenthesis i in in O of supersolutions such that u = limint

sub i right arrow infinity u sub i on O period
Let open parenthesis phi i closing parenthesis i be an increasing sequence in C sub c to the power of infinity open

parenthesis U closing parenthesis such that u = supremum sub i phi i on O period .. Let u sub i
be the solution of the obstacle problem in the non empty convex set
K sub i : = open brace v in W to the power of 1 comma p open parenthesis O closing parenthesis : phi i leqslant v

leqslant bar phi i bar infinity plus bar phi i plus 1 bar infinity and v minus phi i in W sub 0 to the power of 1 comma
p open parenthesis O closing parenthesis closing brace period

The existence and the uniqueness are given respectively by Theorem 3 period 1 semicolon moreover
is a supersolution open parenthesis Theorem 3 period 2 closing parenthesis period .. Since u sub i plus 1 is a

supersolution and u sub i and u sub i plus 1 in K sub i comma
we have u sub i leqslant u sub i plus 1 in O period We have to prove that the sequence open parenthesis u sub i

closing parenthesis i is increasing to u period
Let x sub 0 be an element of the open subset G sub i : = open brace x in O : phi i open parenthesis x closing

parenthesis less u sub i open parenthesis x closing parenthesis closing brace and omega be a
domain such that x sub 0 in omega subset omega subset G sub i period Since for every psi in C sub c to the power

of infinity open parenthesis omega closing parenthesis and for sufficiently
small bar epsilon bar u sub i plusminux epsilon psi in K sub i comma integral sub omega A open parenthesis x

comma nabla u sub i closing parenthesis times nabla psi dx plus integral sub omega B open parenthesis x comma u
sub i closing parenthesis psi dx = 0 period

Then u sub i is a solution of the equation open parenthesis 1 period 1 closing parenthesis on omega and by the
sheaf property of H comma

u sub i is a solution of the equation open parenthesis 1 period 1 closing parenthesis on G sub i period Now the
comparison principle implies

that u sub i leqslant u on G sub i comma hence phi i leqslant u sub i leqslant u on O and therefore u = supremum
sub i u sub i period Finally comma the

boundedness of the sequence open parenthesis u sub i closing parenthesis i and the same techniques in the proof
of Theorem

4 period 1 yield that open parenthesis u sub i closing parenthesis i is lo cally bounded in W to the power of 1
comma p open parenthesis O closing parenthesis and that u is a supersolution of

the equation open parenthesis 1 period 1 closing parenthesis in O period square
Corollary 6 period 1 period Let U be a non empty open subset in R to the power of d and u in W sub loc to the

power of 1 comma p open parenthesis U closing parenthesis cap * sub H open parenthesis U closing parenthesis period
Then u is a supersolution on U period .. Moreover the infinimum of two supersolutions is
als o a supersolution period

1 2 A . BAALAL & A . BOUKRICHA EJDE – 2 0 1 / 3 1

Lemma 5 . 1 . Suppose that u is hyperharmonic and v is hypoharmonic on an open
s e t U. If

lim
U3x→y

sup v(x) 6
inf u(x)

lim
U3x→y

for all y ∈ ∂U and if both s ides of the previous in equality are not s imultaneously +∞
o r −∞, then v 6 u in U.

The proof is the same as in [ 1 0 , p . 1 33 ] .
6 . Sheaf Property for Hyperharmonic and Hypoharmonic Functions

For open subsets U of Rd, we denote by S(U) ( resp . by S(U)) the set of all
supersolutions ( resp . subsolutions ) of the equation ( 1 . 1 ) on U.

Recall that a map F which to each open subset U of Rd assigns a subset F(U)
of B(U) is called sheaf if we have the following two properties :
( Presheaf Property ) For every two open subsets U, V of Rd such that U ⊂ V,

F(V )|U ⊂ F(U)

( Localization Property ) For any family (Ui)i∈I of open subsets and any numerical
function h on U =

⋃
i∈I Ui, h ∈ F(U) if h|Ui ∈ F(Ui) for every i ∈ I.

An easy verification gives that S and S are sheaves . Furthermore , we have the
following results which generalize many earlier [ 1 7 , 2 , 7 , 1 0 ] .
Theorem 6 . 1 . Let U be a non empty open subset in Rd and u ∈ asteriskmath−
H(U) ∩Bb(U). Then u is a supersolution on U.
Proof . First , we shall prove that for every open O ⊂ O ⊂ U, there exists
an increasing sequence (ui)i in in O of supersolutions such that u = limi→∞ ui on O.
Let (φi)i be an increasing sequence in C∞c (U) such that u = supi φi on O. Let ui be the
solution of the obstacle problem in the non empty convex set

Ki := {v ∈ W1,p(O) : φi 6 v 6 ‖ φi ‖ ∞+ ‖ φi+ 1 ‖ ∞ andv − φi ∈ W1,p
0 (O)}.

The existence and the uniqueness are given respectively by Theorem 3 . 1 ; moreover is a
supersolution ( Theorem 3 . 2 ) . Since ui+1 is a supersolution and ui ∧ ui+1 ∈ Ki, we
have ui 6 ui+1 in O. We have to prove that the sequence (ui)i is increasing to u. Let x0

be an element of the open subset Gi := {x ∈ O : φi(x) < ui(x)} and ω be a domain such
that x0 ∈ ω ⊂ ω ⊂ Gi. Since for every ψ ∈ C∞c (ω) and for sufficiently

small | ε | ui ± εψ ∈ Ki,∫
ω

A(x,∇ui) · ∇ψdx+

∫
ω

B(x, ui)ψdx = 0.

Then ui is a solution of the equation ( 1 . 1 ) on ω and by the sheaf property of H, ui is a
solution of the equation ( 1 . 1 ) on Gi. Now the comparison principle implies
that ui 6 u on Gi, hence φi 6 ui 6 u on O and therefore u = supi ui. Finally , the
boundedness of the sequence (ui)i and the same techniques in the proof of Theorem
4 . 1 yield that (ui)i is lo cally bounded in W1,p(O) and that u is a supersolution of the
equation ( 1 . 1 ) in O. �
Corollary 6 . 1 . Let U be a non empty open subset in Rd and u ∈ W1,p

loc (U)∩∗H(U).
Then u is a supersolution on U. Moreover the infinimum of two supersolutions is
als o a supersolution .
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Proof . \quad Let $ u \ in W ˆ{ 1 , p } { l o c } ( U ) \cap ∗ { H }

( U ) . $ \quad The Theorem 6 . 1 i m p l i e s that $ u \wedge n $ i s a super −

\noindent s o l u t i o n f o r a l l $ n \ in N , $ consequent ly we have f o r every p o s i t i v e
$ \phi \ in C ˆ{ \ infty } { c } ( U ) $

\ [\ begin { a l i gned } 0 \ l e q s l a n t \ int { U } A ( x , \nabla ( u \wedge
n ) ) \cdot \nabla \phi dx + \ int { U } B ( x , u \wedge
n ) \phi dx \\

= \ int { \{ u < n \} } A ( x , \nabla u ) \cdot \nabla
\phi dx + \ int { U } B ( x , u \wedge n ) \phi dx . \end{ a l i gned }\ ]

\noindent Lett ing $ n \rightarrow + \ infty $ we obta in

\ [ 0 \ l e q s l a n t \ int { U } A ( x , \nabla u ) \cdot \nabla \phi
dx + \ int { U } B ( x , u ) \phi dx \ ]

\noindent f o r a l l p o s i t i v e $ \phi \ in C ˆ{ \ infty } { c } ( U ) , $ thus
$ u $ i s a s u p e r s o l u t i o n . Moreover , i f $ u $ and $ v $ are two

\noindent s u p e r s o l u t i o n s then $ u \wedge v \ in W ˆ{ 1 , p } { l o c } (
U ) \cap aster i skmath−H ( U ) $ so $ u \wedge v $ i s a s u p e r s o l u t i o n
$ . \ square $

\noindent Theorem $ 6 . 2 . aster i skmath−H $ i s a shea f .

\noindent Proof . \ h f i l l Let $ ( U { i } ) i \ in I $ be a fami ly o f open subse t s o f
$ R ˆ{ d } , U = \bigcup { i \ in I } U { i }$ and $ h \ in aster i skmath−H
( U { i } ) $

\noindent f o r every $ i \ in I . $ Then by the d e f i n i t i o n o f hyperharmonic func t i on , we have
$ h \wedge n \ in $

$ aster i skmath−H ( U { i } ) $ f o r every $ ( i , n ) \ in I \times
N $ and by Theorem $ 6 . 1 , h \wedge n $ i s a s u p e r s o l u t i o n on

each $ U { i } . $ \quad Since $ S $ i s a shea f , we get $ h \wedge n \ in
S ( U ) \subset ∗ { H } ( U ) . $ \quad Thus $ h = \sup { n }
h \wedge n \ in $

$ aster i skmath−H ( U ) $ and $ ∗ { H }$ i s a shea f $ . \ square $

\noindent Remark \ h f i l l 6 . 1 . \ h f i l l For every open subset \ h f i l l $ U $ o f $ R ˆ{ d }
, $ \ h f i l l l e t $ \widetilde{H} ( U ) $ \ h f i l l denote the s e t o f a l l

\noindent $ u \ in W ˆ{ 1 , p } ( U ) \cap C ( U ) $ such that
$ \widetilde{B} ( x , u ) \ in L ˆ{ p }ˆ{ l o c } { ∗ ˆ{ \prime }} (
U ) $ and

\ [ \ int { U } A ( x , \nabla u ) \cdot \nabla \phi dx + \ int { U }
\widetilde{B} ( x , u ) \phi dx = 0 \ ]

\noindent f o r every $ \phi \ in W ˆ{ 1 , p } { 0 } ( U ) , $ \quad where
$ \widetilde{B} ( x , \zeta ) = − \widetilde{B} ( x , − \zeta
) . $ \quad I t i s easy to see that the
mapping $ \zeta \rightarrow \widetilde{B} ( x , \zeta ) $ i s i n c r e a s i n g and that

$ u \ in H ( U ) $ i f and only i f $ − u \ in \widetilde{H} ( U )
. $
Furthermore $ H $ and $ \widetilde{H} $ have the same r e g u l a r s e t s and f o r every

$ V \ in U ( U ) $ and
$ f \ in C ( \partial V ) $ we have $ H { V } f = − \widetilde{H}

V ( − f ) . $ \quad I t f o l l o w s that $ u \ in ∗ ˆ{ H } ( U ) $ i f and only i f
$ − u \ in \widetilde{ aster i skmath−H} ( U ) $ and t h e r e f o r e $ ∗ ˆ{ H }$

i s a shea f .

\centerline {7 . \quad The degeneracy o f the shea f $ H $ }

As in the prev ious s e c t i o n we cons id e r the shea f $ H $ de f ined by ( 1 . 1 ) . Reca l l that
the Harnack i n e q u a l i t y or the Harnack p r i n c i p l e i s s a t i s f i e d by $ H $ i f f o r every domain

\noindent $ U $ o f $ R ˆ{ d }$ and every compact subset $ K $ in $ U , $ the re e x i s t s two cons tant s
$ c { 1 } \ geq s l an t 0 $ and

\noindent $ c { 2 } \ geq s l an t 0 $ such that f o r every $ h \ in H ˆ{ + } (
U ) , $

\begin { a l i g n ∗}
\sup { x \ in K } h ( x ) \ l e q s l a n t c { 1 } \ inf { x \ in K } h

( x ) + c { 2 }\ tag ∗{$ ( HI ) $}
\end{ a l i g n ∗}

We remark that , i f f o r every $ \lambda > 0 $ and $ h \ in H ˆ{ + } ( U
) $ we have $ \lambda h \ in H ˆ{ + } ( U ) , $ then
we can choose $ c { 2 } = 0 $ and we obta in the c l a s s i c a l Harnack i n e q u a l i t y .

The Harnack i n e q u a l i t y , f o r q u a s i l i n e a r e l l i p t i c equat ion , i s proved in the funda −
mental t o o l s o f S e r r i n [ 1 9 ] , s e e a l s o [ 20 , 1 3 ] . For the l i n e a r case see [ 9 , 3 , 1 , 8 ] .

In the r e s t o f t h i s s e c t i o n , we assume that $ B $ s a t i s f y the f o l l o w i n g supplementary
cond i t i on .

\ [ d \ ]

\hspace ∗{\ f i l l } $ ( ∗ ) $ \quad There e x i s t s $ b \ in L ˆ{ p − \varepsilon } { l o
c } ( R ˆ{ d } ) , 0 < \varepsilon < 1 , $ such that $ \mid B
( x , \zeta ) \mid \ l e q s l a n t b ( x ) \mid \zeta \mid ˆ{ \alpha }$
f o r

\ [ every x \ in R ˆ{ d } and \zeta \ in R . \ ]
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Proof period .. Let u in W sub lo c to the power of 1 comma p open parenthesis U closing parenthesis cap * sub

H open parenthesis U closing parenthesis period .. The Theorem 6 period 1 implies that u and n is a super hyphen
solution for all n in N comma consequently we have for every positive phi in C sub c to the power of infinity open

parenthesis U closing parenthesis
Line 1 0 leqslant integral sub U A open parenthesis x comma nabla open parenthesis u and n closing parenthesis

closing parenthesis times nabla phi dx plus integral sub U B open parenthesis x comma u and n closing parenthesis
phi dx Line 2 = integral sub open brace u less n closing brace A open parenthesis x comma nabla u closing parenthesis
times nabla phi dx plus integral sub U B open parenthesis x comma u and n closing parenthesis phi dx period

Letting n right arrow plus infinity we obtain
0 leqslant integral sub U A open parenthesis x comma nabla u closing parenthesis times nabla phi dx plus integral

sub U B open parenthesis x comma u closing parenthesis phi dx
for all positive phi in C sub c to the power of infinity open parenthesis U closing parenthesis comma thus u is a

supersolution period Moreover comma if u and v are two
supersolutions then u and v in W sub lo c to the power of 1 comma p open parenthesis U closing parenthesis cap

asteriskmath-H open parenthesis U closing parenthesis so u and v is a supersolution period square
Theorem 6 period 2 period asteriskmath-H is a sheaf period
Proof period .... Let open parenthesis U sub i closing parenthesis i in I be a family of open subsets of R to the

power of d comma U = union of sub i in I U sub i and h in asteriskmath-H open parenthesis U sub i closing parenthesis
for every i in I period Then by the definition of hyperharmonic function comma we have h and n in
asteriskmath-H open parenthesis U sub i closing parenthesis for every open parenthesis i comma n closing paren-

thesis in I times N and by Theorem 6 period 1 comma h and n is a supersolution on
each U sub i period .. Since S is a sheaf comma we get h and n in S open parenthesis U closing parenthesis subset

* sub H open parenthesis U closing parenthesis period .. Thus h = supremum sub n h and n in
asteriskmath-H open parenthesis U closing parenthesis and * sub H is a sheaf period square
Remark .... 6 period 1 period .... For every open subset .... U of R to the power of d comma .... let H-tildewide

open parenthesis U closing parenthesis .... denote the set of all
u in W to the power of 1 comma p open parenthesis U closing parenthesis cap C open parenthesis U closing

parenthesis such that B-tildewide open parenthesis x comma u closing parenthesis in L to the power of p from lo c to
* to the power of prime open parenthesis U closing parenthesis and

integral sub U A open parenthesis x comma nabla u closing parenthesis times nabla phi dx plus integral sub U
B-tildewide open parenthesis x comma u closing parenthesis phi dx = 0

for every phi in W sub 0 to the power of 1 comma p open parenthesis U closing parenthesis comma .. where
B-tildewide open parenthesis x comma zeta closing parenthesis = minus tildewide-B open parenthesis x comma minus
zeta closing parenthesis period .. It is easy to see that the

mapping zeta right arrow B-tildewide open parenthesis x comma zeta closing parenthesis is increasing and that u in
H open parenthesis U closing parenthesis if and only if minus u in tildewide-H open parenthesis U closing parenthesis
period

Furthermore H and H-tildewide have the same regular sets and for every V in U open parenthesis U closing
parenthesis and

f in C open parenthesis partialdiff V closing parenthesis we have H sub V f = minus H-tildewider V open parenthesis
minus f closing parenthesis period .. It follows that u in * to the power of H open parenthesis U closing parenthesis
if and only if

minus u in asteriskmath-H-tildewide open parenthesis U closing parenthesis and therefore * to the power of H is
a sheaf period

7 period .. The degeneracy of the sheaf H
As in the previous section we consider the sheaf H defined by open parenthesis 1 period 1 closing parenthesis

period Recall that
the Harnack inequality or the Harnack principle is satisfied by H if for every domain
U of R to the power of d and every compact subset K in U comma there exists two constants c sub 1 geqslant 0

and
c sub 2 geqslant 0 such that for every h in H to the power of plus open parenthesis U closing parenthesis comma
Equation: open parenthesis HI closing parenthesis .. supremum x in K h open parenthesis x closing parenthesis

leqslant c sub 1 inf x in K h open parenthesis x closing parenthesis plus c sub 2
We remark that comma if for every lambda greater 0 and h in H to the power of plus open parenthesis U closing

parenthesis we have lambda h in H to the power of plus open parenthesis U closing parenthesis comma then
we can choose c sub 2 = 0 and we obtain the classical Harnack inequality period
The Harnack inequality comma for quasilinear elliptic equation comma is proved in the funda hyphen
mental tools of Serrin open square bracket 1 9 closing square bracket comma see also open square bracket 20

comma 1 3 closing square bracket period For the linear case see open square bracket 9 comma 3 comma 1 comma 8
closing square bracket period

In the rest of this section comma we assume that B satisfy the following supplementary
condition period
d
open parenthesis * closing parenthesis .. There exists b in L sub lo c to the power of p minus epsilon open parenthesis

R to the power of d closing parenthesis comma 0 less epsilon less 1 comma such that bar B open parenthesis x comma
zeta closing parenthesis bar leqslant b open parenthesis x closing parenthesis bar zeta bar to the power of alpha for

every x in R to the power of d and zeta in R period
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. Let u ∈ W1,p

loc (U) ∩ ∗H(U). The Theorem 6 . 1 implies that u ∧ n is a super -
solution for all n ∈ N, consequently we have for every positive φ ∈ C∞c (U)

0 6
∫
U

A(x,∇(u ∧ n)) · ∇φdx+

∫
U

B(x, u ∧ n)φdx

=

∫
{u<n}

A(x,∇u) · ∇φdx+

∫
U

B(x, u ∧ n)φdx.

Letting n→ +∞ we obtain

0 6
∫
U

A(x,∇u) · ∇φdx+

∫
U

B(x, u)φdx

for all positive φ ∈ C∞c (U), thus u is a supersolution . Moreover , if u and v are two
supersolutions then u ∧ v ∈ W1,p

loc (U) ∩ asteriskmath − H(U) so u ∧ v is a supersolution
. �
Theorem 6.2. asteriskmath−H is a sheaf .
Proof . Let (Ui)i ∈ I be a family of open subsets of Rd, U =

⋃
i∈I Ui and

h ∈ asteriskmath−H(Ui)
for every i ∈ I. Then by the definition of hyperharmonic function , we have h ∧ n ∈
asteriskmath−H(Ui) for every (i, n) ∈ I×N and by Theorem 6.1, h∧n is a supersolution
on each Ui. Since S is a sheaf , we get h ∧ n ∈ S(U) ⊂ ∗H(U). Thus h = supn h ∧ n ∈
asteriskmath−H(U) and ∗H is a sheaf . �
Remark 6 . 1 . For every open subset U of Rd, let H̃(U) denote the set of all

u ∈ W1,p(U) ∩ C(U) such that B̃(x, u) ∈ Lploc
∗′ (U) and∫

U

A(x,∇u) · ∇φdx+

∫
U

B̃(x, u)φdx = 0

for every φ ∈ W1,p
0 (U), where B̃(x, ζ) = −B̃(x,−ζ). It is easy to see that

the mapping ζ → B̃(x, ζ) is increasing and that u ∈ H(U) if and only if −u ∈ H̃(U).

Furthermore H and H̃ have the same regular sets and for every V ∈ U(U) and f ∈
C(∂V ) we have HV f = −H̃V (−f). It follows that u ∈ ∗H(U) if and only if −u ∈

˜asteriskmath−H(U) and therefore ∗H is a sheaf .
7 . The degeneracy of the sheaf H

As in the previous section we consider the sheaf H defined by ( 1 . 1 ) . Recall that
the Harnack inequality or the Harnack principle is satisfied by H if for every domain
U of Rd and every compact subset K in U, there exists two constants c1 > 0 and
c2 > 0 such that for every h ∈ H+(U),

sup
x∈K

h(x) 6 c1 inf
x∈K

h(x) + c2 (HI)

We remark that , if for every λ > 0 and h ∈ H+(U) we have λh ∈ H+(U), then we can
choose c2 = 0 and we obtain the classical Harnack inequality .

The Harnack inequality , for quasilinear elliptic equation , is proved in the funda -
mental tools of Serrin [ 1 9 ] , see also [ 20 , 1 3 ] . For the linear case see [ 9 , 3 , 1 , 8 ] .

In the rest of this section , we assume that B satisfy the following supplementary
condition .

d

(∗) There exists b ∈ Lp−εloc (Rd), 0 < ε < 1, such that | B(x, ζ) | 6 b(x) | ζ |α for

everyx ∈ Rdandζ ∈ R.
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\noindent Small powers $ ( 0 < \alpha < p − 1 ) . $ \quad We have the v a l i d i t y o f Harnack p r i n c i p l e g iven
by the f o l l o w i n g p r o p o s i t i o n .

\noindent Propos i t i on 7 . 1 . \ h f i l l Let $ H $ be the shea f o f th e cont inuous s o l u t i o n s o f the equat ion

\noindent ( 1 . 1 ) . \quad Assume that the cond i t i on $ ( ∗ ) $ \quad i s s a t i s f i e s with
$ 0 < \alpha < p − 1 . $ \quad Then the

Harnack p r i n c i p l e i s s a t i s f i e d by $ H . $

\centerline{The proo f o f t h i s p r o p o s i t i o n can be found in [ 1 8 , p . \quad 1 78 ] or [ 1 9 ] }

\noindent D e f i n i t i o n 7 . 1 . \ h f i l l The shea f $ H $ i s c a l l e d e l l i p t i c i f f o r every r e g u l a r domain
$ V $ in $ R ˆ{ d } , $

\noindent $ x \ in V $ and $ f \ in C ˆ{ + } ( \partial V ) , H { V }
f ( x ) = 0 $ i f and only i f $ f = 0 . $

In the f o l l o w i n g example , we have the Harnack i n e q u a l i t y but not the e l l i p t i c i t y .
This i s in con t ra s t to the l i n e a r theory or q u a s i l i n e a r s e t t i n g o f non l in ea r p o t e n t i a l

\noindent theory g iven by the $ A − $ harmonic f u n c t i o n s in [ 1 0 ] .

\noindent Example \ h f i l l 7 . 1 . \ h f i l l We assume that $ B ( x , \zeta )
= $ sgn $ ( \zeta ) \mid \zeta \mid ˆ{ \alpha }$ with $ 0 < \alpha
< p − 1 $ and

\noindent $ A ( x , \xi ) = \mid \xi \mid ˆ{ p − 2 } \xi . $
Let $ u = cr ˆ{ \beta }$ with $ \beta = p ( p − 1 − \alpha ) ˆ{ −
1 }$ and

\ [ c = p ˆ{ p p { − }ˆ{ − 1 } { 1 − \alpha }} ( p − 1 − \alpha
) p p { − 1 − } \alpha [ d ( p − 1 − \alpha ) + \alpha
p ] p − 1 ˆ{ 1 } { − } \alpha . \ ]

\noindent With an easy v e r i f i c a t i o n , we w i l l f i n d that f o r every $ x { 0 } \ in R ˆ{ d }$
and b a l l B $ ( x { 0 } , \rho ) , $

\noindent the re e x i s t s a s o l u t i o n $ u ( $ in the form $ c \paral le l x − x { 0 }
\paral le l \beta { ) }$ on B $ ( x { 0 } , \rho ) $ such that $ \Delta { p }
u = u ˆ{ \alpha }$

\noindent with $ u ( x { 0 } ) = 0 $ and $ u ( x ) > 0 $ f o r every
$ x \ in $ B $ ( x { 0 } , \rho ) \setminus \{ x { 0 } \} . $ We t h e r e f o r e obta in that

the shea f $ H $ i s not e l l i p t i c and c u r i o u s l y we have the e x i s t e n c e o f a b a s i s o f r e g u l a r
s e t $ V $ such that f o r every $ V \ in V , $ there e x i s t $ x { 0 } \ in

V $ and $ f \ in C ( \partial V ) $ with $ f > 0 $ on

\begin { a l i g n ∗}
\partial V and H { V } f ( x { 0 } ) = 0 .
\end{ a l i g n ∗}

We w i l l prove that the shea f g iven in the prev ious example i s non − degenerate in
the f o l l o w i n g sense :

\noindent D e f i n i t i o n \ h f i l l 7 . 2 . \ h f i l l A shea f $ H $ i s c a l l e d non − degenerate on an open
$ U $ i f f o r every

\noindent $ x \ in U , $ there e x i s t s a neighborhood $ V $ o f $ x $ and $ h
\ in H ( V ) $ with $ h ( x ) \ne 0 . $

\noindent Propos i t i on 7 . 2 . \ h f i l l Assume that th e cond i t i on $ ( ∗ ) $ \ h f i l l i s s a t i s f i e s with
$ 0 < \alpha < p − 1 $

\noindent and $ A ( x , \lambda \xi ) = \lambda \mid \lambda \mid ˆ{ p
− 2 } A ( x , \xi ) $ f o r a l l $ x , \xi \ in R ˆ{ d }$ \ h f i l l and f o r a l l
$ \lambda \ in R . $ \ h f i l l Then the

\noindent shea f $ H $ i s non degenerate and more we have : f o r every r e g u l a r s e t
$ V $ and $ x \ in V , $

\begin { a l i g n ∗}
\sup { h \ in H ( V ) } h ( x ) = + \ infty .
\end{ a l i g n ∗}

\noindent Proof . \quad I t i s s u f f i c i e n t to prove that f o r every $ x { 0 } \ in R ˆ{ d }
, \rho > 0 , n \ in N $ and $ u { n } = $

$ H { B ( x { 0 } , \rho ) } n $ we have $ u { n }$ converges to i n f i n i t y at any po int o f B
$ ( x { 0 } , \rho ) . $ The comparison

\noindent p r i n c i p l e y i e l d s that $ 0 \ l e q s l a n t u { n } \ l e q s l a n t n $ on B $ (
x { 0 } , \rho ) . $ Put $ u { n } = nv { n } , $ we then obta in :

\ [ \ int A ( x , \nabla v { n } ) \nabla \phi dx + n ˆ{ 1 −
p } \ int B ( x , nv { n } ) \phi dx = 0 \ ]

\noindent f o r every $ \phi \ in C ˆ{ \ infty } { c } ( $ B $ ( x { 0 } , \rho
) ) $ and f o r every $ n \ in N ˆ{ ∗ } . $ The assumptions on $ B $ y i e l d s

\ [ \ lim { n \rightarrow \ infty } \ int A ( x , \nabla v { n } ) \nabla
\phi dx = 0 ; \ ]

\noindent s i n c e $ 0 \ l e q s l a n t v { n } \ l e q s l a n t 1 , $ we have

\ [ \arrowvert n ˆ{ 1 − p } B ( x , nv { n } ) \arrowvert \ l e q s l a n t
n ˆ{ \alpha − p + 1 } b ( x ) \ l e q s l a n t b ( x ) \ ]

\noindent and by [ 1 8 , Theorem $ 4 . 1 9 ] , v { n }$ are equ icont inuous on the c l o s u r e
$ B { x { 0 } , \rho }$ o f the b a l l B

$ ( x { 0 } , \rho ) , $ then by the Asco l i ’ s theorem $ , ( v { n }
) { n }$ admits a subsequence which i s uni formly
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Small powers open parenthesis 0 less alpha less p minus 1 closing parenthesis period .. We have the validity of

Harnack principle given
by the following proposition period
Proposition 7 period 1 period .... Let H be the sheaf of th e continuous s o lutions of the equation
open parenthesis 1 period 1 closing parenthesis period .. Assume that the condition open parenthesis * closing

parenthesis .. is satisfies with 0 less alpha less p minus 1 period .. Then the
Harnack principle is satisfied by H period
The proof of this proposition can be found in open square bracket 1 8 comma p period .. 1 78 closing square

bracket or open square bracket 1 9 closing square bracket
Definition 7 period 1 period .... The sheaf H is called elliptic if for every regular domain V in R to the power of d

comma
x in V and f in C to the power of plus open parenthesis partialdiff V closing parenthesis comma H sub V f open

parenthesis x closing parenthesis = 0 if and only if f = 0 period
In the following example comma we have the Harnack inequality but not the ellipticity period
This is in contrast to the linear theory or quasilinear setting of nonlinear potential
theory given by the A hyphen harmonic functions in open square bracket 1 0 closing square bracket period
Example .... 7 period 1 period .... We assume that B open parenthesis x comma zeta closing parenthesis = sgn

open parenthesis zeta closing parenthesis bar zeta bar to the power of alpha with 0 less alpha less p minus 1 and
A open parenthesis x comma xi closing parenthesis = bar xi bar to the power of p minus 2 xi period Let u = cr to

the power of beta with beta = p open parenthesis p minus 1 minus alpha closing parenthesis to the power of minus 1
and

c = p to the power of p p minus sub 1 minus alpha to the power of minus 1 open parenthesis p minus 1 minus
alpha closing parenthesis p p minus 1 minus alpha open square bracket d open parenthesis p minus 1 minus alpha
closing parenthesis plus alpha p closing square bracket p minus 1 sub minus to the power of 1 alpha period

With an easy verification comma we will find that for every x sub 0 in R to the power of d and ball B open
parenthesis x sub 0 comma rho closing parenthesis comma

there exists a solution u open parenthesis in the form c bar x minus x sub 0 bar beta sub closing parenthesis on B
open parenthesis x sub 0 comma rho closing parenthesis such that Capital Delta sub p u = u to the power of alpha

with u open parenthesis x sub 0 closing parenthesis = 0 and u open parenthesis x closing parenthesis greater 0
for every x in B open parenthesis x sub 0 comma rho closing parenthesis backslash open brace x sub 0 closing brace
period We therefore obtain that

the sheaf H is not elliptic and curiously we have the existence of a basis of regular
set V such that for every V in V comma there exist x sub 0 in V and f in C open parenthesis partialdiff V closing

parenthesis with f greater 0 on
partialdiff V and H sub V f open parenthesis x sub 0 closing parenthesis = 0 period
We will prove that the sheaf given in the previous example is non hyphen degenerate in
the following sense :
Definition .... 7 period 2 period .... A sheaf H is called non hyphen degenerate on an open U if for every
x in U comma there exists a neighborhood V of x and h in H open parenthesis V closing parenthesis with h open

parenthesis x closing parenthesis equal-negationslash 0 period
Proposition 7 period 2 period .... Assume that th e condition open parenthesis * closing parenthesis .... is satisfies

with 0 less alpha less p minus 1
and A open parenthesis x comma lambda xi closing parenthesis = lambda bar lambda bar to the power of p minus

2 A open parenthesis x comma xi closing parenthesis for al l x comma xi in R to the power of d .... and for al l lambda
in R period .... Then the

sheaf H is non degenerate and more we have : for every regular s e t V and x in V comma
supremum sub h in H open parenthesis V closing parenthesis h open parenthesis x closing parenthesis = plus

infinity period
Proof period .. It is sufficient to prove that for every x sub 0 in R to the power of d comma rho greater 0 comma

n in N and u sub n =
H sub B open parenthesis x sub 0 comma rho closing parenthesis n we have u sub n converges to infinity at any

point of B open parenthesis x sub 0 comma rho closing parenthesis period The comparison
principle yields that 0 leqslant u sub n leqslant n on B open parenthesis x sub 0 comma rho closing parenthesis

period Put u sub n = nv sub n comma we then obtain :
integral A open parenthesis x comma nabla v sub n closing parenthesis nabla phi dx plus n to the power of 1

minus p integral B open parenthesis x comma nv sub n closing parenthesis phi dx = 0
for every phi in C sub c to the power of infinity open parenthesis B open parenthesis x sub 0 comma rho closing

parenthesis closing parenthesis and for every n in N to the power of * period The assumptions on B yields
limint n right arrow infinity integral A open parenthesis x comma nabla v sub n closing parenthesis nabla phi dx

= 0 semicolon
since 0 leqslant v sub n leqslant 1 comma we have
vextendsingle-vextendsingle n to the power of 1 minus p B open parenthesis x comma nv sub n closing parenthesis

vextendsingle-vextendsingle leqslant n to the power of alpha minus p plus 1 b open parenthesis x closing parenthesis
leqslant b open parenthesis x closing parenthesis

and by open square bracket 1 8 comma Theorem 4 period 1 9 closing square bracket comma v sub n are equicon-
tinuous on the closure B sub x sub 0 comma rho of the ball B

open parenthesis x sub 0 comma rho closing parenthesis comma then by the Ascoli quoteright s theorem comma
open parenthesis v sub n closing parenthesis sub n admits a subsequence which is uniformly
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Small powers (0 < α < p− 1). We have the validity of Harnack principle given by the
following proposition .
Proposition 7 . 1 . Let H be the sheaf of th e continuous s o lutions of the equation
( 1 . 1 ) . Assume that the condition (∗) is satisfies with 0 < α < p − 1. Then
the Harnack principle is satisfied by H.

The proof of this proposition can be found in [ 1 8 , p . 1 78 ] or [ 1 9 ]
Definition 7 . 1 . The sheaf H is called elliptic if for every regular domain V in Rd,
x ∈ V and f ∈ C+(∂V ), HV f(x) = 0 if and only if f = 0.

In the following example , we have the Harnack inequality but not the ellipticity . This
is in contrast to the linear theory or quasilinear setting of nonlinear potential
theory given by the A− harmonic functions in [ 1 0 ] .
Example 7 . 1 . We assume that B(x, ζ) = sgn (ζ) | ζ |α with 0 < α < p− 1
and
A(x, ξ) =| ξ |p−2 ξ. Let u = crβ with β = p(p− 1− α)−1 and

c = ppp
−1
− 1−α(p− 1− α)pp−1−α[d(p− 1− α) + αp]p− 11

−α.

With an easy verification , we will find that for every x0 ∈ Rd and ball B (x0, ρ),
there exists a solution u( in the form c ‖ x− x0 ‖ β) on B (x0, ρ) such that ∆pu = uα

with u(x0) = 0 and u(x) > 0 for every x ∈ B (x0, ρ) \ {x0}. We therefore obtain that the
sheaf H is not elliptic and curiously we have the existence of a basis of regular set V such
that for every V ∈ V, there exist x0 ∈ V and f ∈ C(∂V ) with f > 0 on

∂V andHV f(x0) = 0.

We will prove that the sheaf given in the previous example is non - degenerate in the
following sense :
Definition 7 . 2 . A sheaf H is called non - degenerate on an open U if for every
x ∈ U, there exists a neighborhood V of x and h ∈ H(V ) with h(x) 6= 0.
Proposition 7 . 2 . Assume that th e condition (∗) is satisfies with 0 < α < p− 1
and A(x, λξ) = λ | λ |p−2 A(x, ξ) for al l x, ξ ∈ Rd and for al l λ ∈ R. Then
the
sheaf H is non degenerate and more we have : for every regular s e t V and x ∈ V,

sup
h∈H(V )

h(x) = +∞.

Proof . It is sufficient to prove that for every x0 ∈ Rd, ρ > 0, n ∈ N and un =
HB(x0,ρ)n we have un converges to infinity at any point of B (x0, ρ). The comparison
principle yields that 0 6 un 6 n on B (x0, ρ). Put un = nvn, we then obtain :∫

A(x,∇vn)∇φdx+ n1−p
∫
B(x, nvn)φdx = 0

for every φ ∈ C∞c ( B (x0, ρ)) and for every n ∈ N∗. The assumptions on B yields

lim
n→∞

∫
A(x,∇vn)∇φdx = 0;

since 0 6 vn 6 1, we have

|n1−pB(x, nvn)| 6 nα−p+1b(x) 6 b(x)

and by [ 1 8 , Theorem 4.19], vn are equicontinuous on the closure Bx0,ρ of the ball B
(x0, ρ), then by the Ascoli ’ s theorem , (vn)n admits a subsequence which is uniformly
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convergent on $ B { x { 0 } , \rho }$ to a cont inuous func t i on $ v $ on $ B { x { 0 }

, \rho } . $ Further we can e a s i l y v e r i f y

\noindent that $ v \ in W ˆ{ 1 , p } { l o c } ( $ B $ ( x { 0 } , \rho
) ) $ and

\ [ \ int A ( x , \nabla v ) \nabla \phi dx = 0 \ ]

\noindent f o r every $ \phi \ in W ˆ{ 1 , p } { 0 } ( $ B $ ( x { 0 } ,
\rho ) ) . $ \quad Since $ v = 1 $ on $ \partial $ B $ ( x { 0 } ,
\rho ) , v = 1 $ on $ B { x { 0 } , \rho } . $ \quad The

r e l a t i o n $ u { n } = nv { n }$ y i e l d s the d e s i r e d r e s u l t $ . \ square $

\noindent Big Powers $ ( \alpha \ geq s l an t p − 1 ) . $ \quad We s h a l l i n v e s t i g a t e ( 1 . 1 ) in the case
$ \alpha \ geq s l an t p − 1 . $ Let $ H $ be

the shea f o f the cont inuous s o l u t i o n s o f ( 1 . 1 ) . In [ 1 8 ] or [ 1 9 ] , we f i n d the f o l l o w i n g
form o f the Harnack i n e q u a l i t y .

\noindent Theorem 7 . 1 . \ h f i l l Assume that th e cond i t i on $ ( ∗ ) $ i s s a t i s f i e s with
$ \alpha \ geq s l an t p − 1 . $ \ h f i l l Then For

\noindent every non empty open s e t $ U $ in $ R ˆ{ d } , $ f o r every constant
$ M > 0 $ and every compact

$ K $ in $ U , $ th ere e x i s t s a constant $ C = C ( K , M ) >
0 $ such that f o r every $ u \ in H ˆ{ + } ( U ) $

\begin { a l i g n ∗}
with u \ l e q s l a n t M , \\ \sup { K } u \ l e q s l a n t C \ inf { K } u .
\end{ a l i g n ∗}

\noindent Coro l l a ry \ h f i l l 7 . 1 . \ h f i l l I f the cond i t i on $ ( ∗ ) $ \ h f i l l i s s a t i s f i e s with
$ \alpha \ geq s l an t p − 1 , $ \ h f i l l then $ H $ i s non −

\noindent degenerate and e l l i p t i c . \quad Moreover , f o r every domain $ U $ in $ R ˆ{ d }$
and $ u \ in H ˆ{ + } ( U ) , $ we

have e i t h e r $ u > 0 $ on $ U $ o r $ u = 0 $ on $ U . $

\noindent Remark 7 . 1 . \quad I f $ \alpha = p − 1 , $ the constant in Theorem 7 . 1 does not depend on
$ M $

and we have the c l a s s i c a l form o f the Harnack i n e q u a l i t y .

\hspace ∗{\ f i l l }We r e c a l l that a shea f $ H $ s a t i s f i e s the Bre lo t convergence property i f f o r every

\noindent domain $ U $ in $ R ˆ{ d }$ and f o r every monotone sequence $ ( h { n }
) { n } \subset H ( U ) $ we have $ \ lim { n } h { n } \ in $

\noindent $ H ( U ) $ i f i t i s not i d e n t i c a l l y $ + \ infty $ on $ U . $

\centerline{Using the same proo f as in [ 4 ] , we have the f o l l o w i n g p r o p o s i t i o n . }

\noindent Propos i t i on 7 . 3 . \quad I f the Harnack i n e q u a l i t y i s s a t i s f i e d by $ H , $
th en the convergence

property o f Bre lo t i s f u l f i l l e d by $ H . $

\noindent Remark 7 . 2 . In con t ra s t to the l i n e a r case ( s ee [ 1 6 ] ) the converse o f \ h f i l l Propos i t i on

\noindent 7 . 3 i s not t rue ( s ee [ 5 ] ) and hence the v a l i d i t y o f the convergence property o f Bre lo t
does not imply the v a l i d i t y o f the Harnack i n e q u a l i t y .

\noindent An Appl i ca t ion . \quad Let $ H { \alpha }$ be the shea f o f a l l cont inuous s o l u t i o n o f the equat ion

\begin { a l i g n ∗}
− div A ( x , \nabla u ) + b ( x ) sgn ( u ) \mid

u \mid ˆ{ \alpha } = 0 \\ where b \ in L ˆ{ d − \varepsilon }ˆ{ l o c } { d }
( R ˆ{ d } ) , b \ geq s l an t 0 and 0 < \varepsilon < 1 .
\end{ a l i g n ∗}

\noindent Theorem 7 . 2 . \quad a ) For ea ch $ 0 < \alpha < p − 1 ,
( R ˆ{ d } , H { \alpha } ) $ \quad i s a Bauer harmonic space

s a t i s f y i n g \quad th e Bre lo t convergence property , \quad but i t i s \quad not \quad e l l i p t i c in the s ense \quad o f
D e f i n i t i o n 7 . 1 .

\noindent b ) For each $ \alpha \ geq s l an t p − 1 , ( R ˆ{ d } , H { \alpha }
) $ i s a Bauer harmonic space e l l i p t i c in the s ense o f

D e f i n i t i o n 7 . 1 and the convergence property o f Bre lo t i s f u l f i l l e d by $ H { p −
1 } . $

\centerline {8 . \quad K e l l e r − Osserman Property }

\noindent Let $ H $ be the shea f o f cont inuous s o l u t i o n s r e l a t e d to the equat ion ( 1 . 1 ) .
D e f i n i t i o n 8 . 1 . \quad Let $ U $ be a r e l a t i v e l y compact open subset o f $ R ˆ{ d }

. $ \quad A func t i on

\noindent $ u \ in H ˆ{ + } ( U ) $ i s c a l l e d r e g u l a r Evans func t i on f o r $ H $
and $ U $ i f $ \ lim { \ni { U } x \rightarrow z }ˆ{ u ( x ) } = +
\ infty $ f o r

\noindent every r e g u l a r po int $ z $ in the boundary o f $ U . $

\centerline{For an i n v e s t i g a t i o n o f r e g u l a r Evans f u n c t i o n s s ee [ 5 ] . }
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convergent on B sub x sub 0 comma rho to a continuous function v on B sub x sub 0 comma rho period Further

we can easily verify
that v in W sub lo c to the power of 1 comma p open parenthesis B open parenthesis x sub 0 comma rho closing

parenthesis closing parenthesis and
integral A open parenthesis x comma nabla v closing parenthesis nabla phi dx = 0
for every phi in W sub 0 to the power of 1 comma p open parenthesis B open parenthesis x sub 0 comma rho

closing parenthesis closing parenthesis period .. Since v = 1 on partialdiff B open parenthesis x sub 0 comma rho
closing parenthesis comma v = 1 on B sub x sub 0 comma rho period .. The

relation u sub n = nv sub n yields the desired result period square
Big Powers open parenthesis alpha geqslant p minus 1 closing parenthesis period .. We shall investigate open

parenthesis 1 period 1 closing parenthesis in the case alpha geqslant p minus 1 period Let H be
the sheaf of the continuous solutions of open parenthesis 1 period 1 closing parenthesis period In open square

bracket 1 8 closing square bracket or open square bracket 1 9 closing square bracket comma we find the following
form of the Harnack inequality period
Theorem 7 period 1 period .... Assume that th e condition open parenthesis * closing parenthesis is satisfies with

alpha geqslant p minus 1 period .... Then For
every non empty open s e t U in R to the power of d comma for every constant M greater 0 and every compact
K in U comma th ere exists a constant C = C open parenthesis K comma M closing parenthesis greater 0 such

that for every u in H to the power of plus open parenthesis U closing parenthesis
with u leqslant M comma supremum K u leqslant C inf K u period
Corollary .... 7 period 1 period .... If the condition open parenthesis * closing parenthesis .... is satisfies with alpha

geqslant p minus 1 comma .... then H is non hyphen
degenerate and e l lip tic period .. Moreover comma for every domain U in R to the power of d and u in H to the

power of plus open parenthesis U closing parenthesis comma we
have e ither u greater 0 on U o r u = 0 on U period
Remark 7 period 1 period .. If alpha = p minus 1 comma the constant in Theorem 7 period 1 does not depend on

M
and we have the classical form of the Harnack inequality period
We recall that a sheaf H satisfies the Brelot convergence property if for every
domain U in R to the power of d and for every monotone sequence open parenthesis h sub n closing parenthesis

sub n subset H open parenthesis U closing parenthesis we have limint sub n h sub n in
H open parenthesis U closing parenthesis if it is not identically plus infinity on U period
Using the same proof as in open square bracket 4 closing square bracket comma we have the following proposition

period
Proposition 7 period 3 period .. If the Harnack inequality is satisfied by H comma th en the convergence
property of Brelot is fulfilled by H period
Remark 7 period 2 period In contrast to the linear case open parenthesis s ee open square bracket 1 6 closing

square bracket closing parenthesis the converse of .... Proposition
7 period 3 is not true open parenthesis s ee open square bracket 5 closing square bracket closing parenthesis and

hence the validity of the convergence property of Brelot
does not imply the validity of the Harnack inequality period
An Application period .. Let H sub alpha be the sheaf of all continuous solution of the equation
minus div A open parenthesis x comma nabla u closing parenthesis plus b open parenthesis x closing parenthesis

sgn open parenthesis u closing parenthesis bar u bar to the power of alpha = 0 where b in L to the power of d minus
epsilon from lo c to d open parenthesis R to the power of d closing parenthesis comma b geqslant 0 and 0 less epsilon
less 1 period

Theorem 7 period 2 period .. a closing parenthesis For ea ch 0 less alpha less p minus 1 comma open parenthesis
R to the power of d comma H sub alpha closing parenthesis .. is a Bauer harmonic space

satisfying .. th e Brelot convergence property comma .. but it is .. not .. e l lip ti c in the s ense .. of
Definition 7 period 1 period
b closing parenthesis For each alpha geqslant p minus 1 comma open parenthesis R to the power of d comma H

sub alpha closing parenthesis is a Bauer harmonic space e l lip ti c in the s ense of
Definition 7 period 1 and the convergence property of Brelot is fulfilled by H sub p minus 1 period
8 period .. Keller hyphen Osserman Property
Let H be the sheaf of continuous solutions related to the equation open parenthesis 1 period 1 closing parenthesis

period
Definition 8 period 1 period .. Let U be a relatively compact open subset of R to the power of d period .. A

function
u in H to the power of plus open parenthesis U closing parenthesis is called regular Evans function for H and U if

limint ni U x right arrow z to the power of u open parenthesis x closing parenthesis = plus infinity for
every regular point z in the boundary of U period
For an investigation of regular Evans functions see open square bracket 5 closing square bracket period
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convergent on Bx0,ρ to a continuous function v on Bx0,ρ. Further we can easily verify

that v ∈ W1,p
loc ( B (x0, ρ)) and ∫

A(x,∇v)∇φdx = 0

for every φ ∈ W1,p
0 ( B (x0, ρ)). Since v = 1 on ∂ B (x0, ρ), v = 1 on Bx0,ρ. The

relation un = nvn yields the desired result . �
Big Powers (α > p− 1). We shall investigate ( 1 . 1 ) in the case α > p− 1. Let H be
the sheaf of the continuous solutions of ( 1 . 1 ) . In [ 1 8 ] or [ 1 9 ] , we find the following
form of the Harnack inequality .
Theorem 7 . 1 . Assume that th e condition (∗) is satisfies with α > p− 1. Then For
every non empty open s e t U in Rd, for every constant M > 0 and every compact K
in U, th ere exists a constant C = C(K,M) > 0 such that for every u ∈ H+(U)

withu 6M,

sup
K
u 6 C inf

K
u.

Corollary 7 . 1 . If the condition (∗) is satisfies with α > p− 1, then H is non -
degenerate and e l lip tic . Moreover , for every domain U in Rd and u ∈ H+(U),
we have e ither u > 0 on U o r u = 0 on U.
Remark 7 . 1 . If α = p− 1, the constant in Theorem 7 . 1 does not depend on M
and we have the classical form of the Harnack inequality .

We recall that a sheaf H satisfies the Brelot convergence property if for every
domain U in Rd and for every monotone sequence (hn)n ⊂ H(U) we have limn hn ∈
H(U) if it is not identically +∞ on U.

Using the same proof as in [ 4 ] , we have the following proposition .
Proposition 7 . 3 . If the Harnack inequality is satisfied by H, th en the convergence
property of Brelot is fulfilled by H.
Remark 7 . 2 . In contrast to the linear case ( s ee [ 1 6 ] ) the converse of Proposition
7 . 3 is not true ( s ee [ 5 ] ) and hence the validity of the convergence property of
Brelot does not imply the validity of the Harnack inequality .
An Application . Let Hα be the sheaf of all continuous solution of the equation

−divA(x,∇u) + b(x)sgn(u) | u |α= 0

whereb ∈ Ld−εloc
d (Rd), b > 0and0 < ε < 1.

Theorem 7 . 2 . a ) For ea ch 0 < α < p − 1, (Rd,Hα) is a Bauer harmonic
space satisfying th e Brelot convergence property , but it is not e l lip ti c in
the s ense of Definition 7 . 1 .
b ) For each α > p − 1, (Rd,Hα) is a Bauer harmonic space e l lip ti c in the s ense of
Definition 7 . 1 and the convergence property of Brelot is fulfilled by Hp−1.

8 . Keller - Osserman Property
Let H be the sheaf of continuous solutions related to the equation ( 1 . 1 ) . Definition
8 . 1 . Let U be a relatively compact open subset of Rd. A function

u ∈ H+(U) is called regular Evans function for H and U if lim
u(x)
3Ux→z = +∞ for

every regular point z in the boundary of U.
For an investigation of regular Evans functions see [ 5 ] .
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\noindent D e f i n i t i o n 8 . 2 . \quad We s h a l l say that $ H $ s a t i s f i e s the K e l l e r − Osserman property , de −
noted ( KO ) , i f every b a l l admits a r e g u l a r Evans func t i on f o r $ H . $

\centerline{As in [ 5 , Propos i t i on 1 . 3 ] , we have the f o l l o w i n g p r o p o s i t i o n . }

\noindent Propos i t i on $ 8 . 1 . H $ s a t i s f i e s the ( KO ) cond i t i on i f and only i f
$ H ˆ{ + }$ i s l o c a l l y uni −

\noindent formly bounded ( i . e . f o r every non empty open s e t $ U $ in $ R ˆ{ d }$
and f o r every compact

\noindent $ K \subset U , $ th e re e x i s t s a constant $ C > 0 $ such that
$ \sup { K } u \ l e q s l a n t C $ f o r every $ u \ in H ˆ{ + } ( U ) ) . $

\noindent Coro l l a ry 8 . 1 . \quad I f $ H $ f u l f i l l s the ( KO ) property , th en $ H $
s a t i s f i e s th e Bre lo t conver −
gence property .

\noindent Theorem 8 . 1 . \quad Assume that $ A $ and $ B $ s a t i s f i e s the f o l l o w i n g supplementary condi −
t i o ns

\centerline{ i ) \quad For every $ x { 0 } \ in R ˆ{ d } , $ the func t i on $ F $
from $ R ˆ{ d }$ to $ R ˆ{ d }$ de f ined b y }

$ F ( x ) = A ( x , x − x { 0 } ) $ \quad i s d i f f e r e n t i a b l e and div
$ F $ i s l o c a l l y ( e s s e n t i a l l y )

bounded .

\centerline{ i i $ ) A ( x , \lambda \xi ) = \lambda \mid \lambda
\mid ˆ{ p − 2 } A ( x , \xi ) $ f o r every $ \lambda \ in R $ and e very
$ x , \xi \ in R ˆ{ d } . $ }

\hspace ∗{\ f i l l } i i i $ ) \mid B ( x , \zeta ) \mid \ geq s l an t b (
x ) \mid \zeta \mid ˆ{ \alpha } , \alpha > p − 1 $ \quad where $ b
\ in L ˆ{ d − \varepsilon }ˆ{ l o c } { d } ( R ˆ{ d } ) , 0 < \varepsilon
< 1 , $ \quad with

\centerline{ $ e s s { U }$ i n f $ b ( x ) > 0 $ f o r every re l a t i v e l y compact
$ U $ in $ R ˆ{ d } . $ }

\centerline{Then the ( KO ) property i s v a l i d by $ H . $ }

\noindent Proof . \ h f i l l Let $ U $ be the b a l l with cente r $ x { 0 } \ in R ˆ{ d }$
and rad iu s $ R . $ \ h f i l l Put $ f ( x ) = R ˆ{ 2 } − $

\hspace ∗{\ f i l l } $ \paral le l x − x { 0 } \paral le l ˆ{ 2 }$ and $ g = c f ˆ{ −
\beta } , $ we obta in the d e s i r e d property i f we f i n d a constant $ c > 0 $

\noindent such that $ g $ i s a s u p e r s o l u t i o n o f the equat ion ( 1 . 1 ) . We have $ \nabla
f ( x ) = − 2 ( x − x { 0 } ) $

\noindent and $ \nabla g ( x ) = 2 c \beta ( f ( x ) ) ˆ{ −
( \beta + 1 ) } ( x − x { 0 } ) $ and then

\ [ A ( x , \nabla g ( x ) ) = ( 2 c \beta ) ˆ{ p − 1 }
( f ( x ) ) ˆ{ − ( \beta + 1 ) ( p − 1 ) } A ( x
, x − x { 0 } ) . \ ]

\noindent Let $ \phi \ in C ˆ{ \ infty } { c } ( U ) , \phi \ geq s l an t
0 $ and we s e t $ I { \phi } = \ int A ( x , \nabla g ) \nabla \phi
dx + \ int B ( x , g ) \phi dx , $ then

\ [\ begin { a l i gned } I { \phi } = − \ int div A ( x , \nabla g ) \phi
dx + \ int B ( x , g ) \phi dx \\

= − \ int [ 2 ( \beta + 1 ) ( p − 1 ) ( 2 c \beta
) ˆ{ p − 1 } f ˆ{ − ( \beta + 1 ) ( p − 1 ) − 1 } A (
x , x − x { 0 } ) . ( x − x { 0 } ) \\

+ ( 2 c \beta ) ˆ{ p − 1 } f ˆ{ − ( \beta + 1 ) ( p −
1 ) } div A ( x , x − x { 0 } ) − B ( x , g ) ] \phi
dx \\
\ geq s l an t − \ int [ 2 ( \beta + 1 ) ( p − 1 ) ( 2 c

\beta ) ˆ{ p − 1 } f ˆ{ − ( \beta + 1 ) ( p − 1 ) − 1 }
A ( x , x − x { 0 } ) . ( x − x { 0 } ) \\

+ ( 2 c \beta ) ˆ{ p − 1 } f ˆ{ − ( \beta + 1 ) ( p −
1 ) } div A ( x , x − x { 0 } ) − c ˆ{ \alpha } bf ˆ{ − \alpha
\beta } ] \phi dx \\

= − \ int [ 2 c ˆ{ p − 1 − \alpha } ( 2 \beta ) ˆ{ p − 1 }
( \beta + 1 ) ( p − 1 ) A ( x , x − x { 0 } ) .
( x − x { 0 } ) \\

+ c ˆ{ p − 1 − \alpha } ( 2 \beta ) ˆ{ p − 1 } f d iv A (
x , x − x { 0 } ) − bf ˆ{ \beta ( p − 1 − \alpha ) + p }
] c ˆ{ \alpha } f ˆ{ − ( \beta + 1 ) ( p − 1 ) − 1 } \phi
dx . \end{ a l i gned }\ ]

\noindent Putting $ \beta = p ( \alpha − p + 1 ) ˆ{ − 1 }$ we obta in

\ [\ begin { a l i gned } I { \phi } \ geq s l an t − \ int [ 2 ( { \alpha − }ˆ{ 2
p } { p + 1 } ) ˆ{ p − 1 } ( \alpha ˆ{ \alpha }ˆ{ + 1 } { − p + 1 }
) ( p − 1 ) A ( x , x − x { 0 } ) . ( x − x { 0 }
) \\

+ ( { \alpha − }ˆ{ 2 p } { p + 1 } ) ˆ{ p − 1 } f d iv A ( x
, x − x { 0 } ) − c ˆ{ \alpha − p + 1 } b ] c ˆ{ p − 1 }
f p \alpha { − 1 }ˆ{ p } { − \alpha } \phi dx . \end{ a l i gned }\ ]
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Definition 8 period 2 period .. We shall say that H satisfies the Keller hyphen Osserman property comma de

hyphen
noted open parenthesis KO closing parenthesis comma if every ball admits a regular Evans function for H period
As in open square bracket 5 comma Proposition 1 period 3 closing square bracket comma we have the following

proposition period
Proposition 8 period 1 period H satisfies the open parenthesis KO closing parenthesis condition if and only if H

to the power of plus is locally uni hyphen
formly bounded open parenthesis i period e period for every non empty open s e t U in R to the power of d and

for every compact
K subset U comma th ere exists a constant C greater 0 such that supremum sub K u leqslant C for every u in H

to the power of plus open parenthesis U closing parenthesis closing parenthesis period
Corollary 8 period 1 period .. If H fulfills the open parenthesis KO closing parenthesis property comma th en H

satisfies th e Brelot conver hyphen
gence property period
Theorem 8 period 1 period .. Assume that A and B satisfies the following supplementary condi hyphen
tio ns
i closing parenthesis .. For every x sub 0 in R to the power of d comma the function F from R to the power of d

to R to the power of d defined b y
F open parenthesis x closing parenthesis = A open parenthesis x comma x minus x sub 0 closing parenthesis .. is

differentiable and div F is locally open parenthesis ess entially closing parenthesis
bounded period
i i closing parenthesis A open parenthesis x comma lambda xi closing parenthesis = lambda bar lambda bar to the

power of p minus 2 A open parenthesis x comma xi closing parenthesis for every lambda in R and e very x comma xi
in R to the power of d period

ii i closing parenthesis bar B open parenthesis x comma zeta closing parenthesis bar geqslant b open parenthesis
x closing parenthesis bar zeta bar to the power of alpha comma alpha greater p minus 1 .. where b in L to the power
of d minus epsilon from loc to d open parenthesis R to the power of d closing parenthesis comma 0 less epsilon less 1
comma .. with

ess sub U inf b open parenthesis x closing parenthesis greater 0 for every re latively compact U in R to the power
of d period

Then the open parenthesis KO closing parenthesis property is valid by H period
Proof period .... Let U be the ball with center x sub 0 in R to the power of d and radius R period .... Put f open

parenthesis x closing parenthesis = R to the power of 2 minus
bar x minus x sub 0 bar to the power of 2 and g = cf to the power of minus beta comma we obtain the desired

property if we find a constant c greater 0
such that g is a supersolution of the equation open parenthesis 1 period 1 closing parenthesis period We have nabla

f open parenthesis x closing parenthesis = minus 2 open parenthesis x minus x sub 0 closing parenthesis
and nabla g open parenthesis x closing parenthesis = 2 c beta open parenthesis f open parenthesis x closing

parenthesis closing parenthesis to the power of minus open parenthesis beta plus 1 closing parenthesis open parenthesis
x minus x sub 0 closing parenthesis and then

A open parenthesis x comma nabla g open parenthesis x closing parenthesis closing parenthesis = open parenthesis
2 c beta closing parenthesis to the power of p minus 1 open parenthesis f open parenthesis x closing parenthesis closing
parenthesis to the power of minus open parenthesis beta plus 1 closing parenthesis open parenthesis p minus 1 closing
parenthesis A open parenthesis x comma x minus x sub 0 closing parenthesis period

Let phi in C sub c to the power of infinity open parenthesis U closing parenthesis comma phi geqslant 0 and we
set I sub phi = integral A open parenthesis x comma nabla g closing parenthesis nabla phi dx plus integral B open
parenthesis x comma g closing parenthesis phi dx comma then

Line 1 I sub phi = minus integral div A open parenthesis x comma nabla g closing parenthesis phi dx plus
integral B open parenthesis x comma g closing parenthesis phi dx Line 2 = minus integral open square bracket 2
open parenthesis beta plus 1 closing parenthesis open parenthesis p minus 1 closing parenthesis open parenthesis 2
c beta closing parenthesis to the power of p minus 1 f to the power of minus open parenthesis beta plus 1 closing
parenthesis open parenthesis p minus 1 closing parenthesis minus 1 A open parenthesis x comma x minus x sub 0
closing parenthesis period open parenthesis x minus x sub 0 closing parenthesis Line 3 plus open parenthesis 2 c beta
closing parenthesis to the power of p minus 1 f to the power of minus open parenthesis beta plus 1 closing parenthesis
open parenthesis p minus 1 closing parenthesis div A open parenthesis x comma x minus x sub 0 closing parenthesis
minus B open parenthesis x comma g closing parenthesis closing square bracket phi dx Line 4 geqslant minus integral
open square bracket 2 open parenthesis beta plus 1 closing parenthesis open parenthesis p minus 1 closing parenthesis
open parenthesis 2 c beta closing parenthesis to the power of p minus 1 f to the power of minus open parenthesis
beta plus 1 closing parenthesis open parenthesis p minus 1 closing parenthesis minus 1 A open parenthesis x comma
x minus x sub 0 closing parenthesis period open parenthesis x minus x sub 0 closing parenthesis Line 5 plus open
parenthesis 2 c beta closing parenthesis to the power of p minus 1 f to the power of minus open parenthesis beta plus
1 closing parenthesis open parenthesis p minus 1 closing parenthesis div A open parenthesis x comma x minus x sub
0 closing parenthesis minus c to the power of alpha bf to the power of minus alpha beta closing square bracket phi dx
Line 6 = minus integral open square bracket 2 c to the power of p minus 1 minus alpha open parenthesis 2 beta closing
parenthesis to the power of p minus 1 open parenthesis beta plus 1 closing parenthesis open parenthesis p minus 1
closing parenthesis A open parenthesis x comma x minus x sub 0 closing parenthesis period open parenthesis x minus
x sub 0 closing parenthesis Line 7 plus c to the power of p minus 1 minus alpha open parenthesis 2 beta closing
parenthesis to the power of p minus 1 f div A open parenthesis x comma x minus x sub 0 closing parenthesis minus
bf to the power of beta open parenthesis p minus 1 minus alpha closing parenthesis plus p closing square bracket c to
the power of alpha f to the power of minus open parenthesis beta plus 1 closing parenthesis open parenthesis p minus
1 closing parenthesis minus 1 phi dx period

Putting beta = p open parenthesis alpha minus p plus 1 closing parenthesis to the power of minus 1 we obtain
Line 1 I sub phi geqslant minus integral open square bracket 2 open parenthesis sub alpha minus sub p plus 1 to

the power of 2 p closing parenthesis to the power of p minus 1 open parenthesis alpha to the power of alpha sub minus
p plus 1 to the power of plus 1 closing parenthesis open parenthesis p minus 1 closing parenthesis A open parenthesis
x comma x minus x sub 0 closing parenthesis period open parenthesis x minus x sub 0 closing parenthesis Line 2 plus
open parenthesis sub alpha minus sub p plus 1 to the power of 2 p closing parenthesis to the power of p minus 1 f
div A open parenthesis x comma x minus x sub 0 closing parenthesis minus c to the power of alpha minus p plus 1 b
closing square bracket c to the power of p minus 1 f p alpha minus 1 sub minus alpha to the power of p phi dx period
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Definition 8 . 2 . We shall say that H satisfies the Keller - Osserman property , de -
noted ( KO ) , if every ball admits a regular Evans function for H.

As in [ 5 , Proposition 1 . 3 ] , we have the following proposition .
Proposition 8.1. H satisfies the ( KO ) condition if and only if H+ is locally uni -
formly bounded ( i . e . for every non empty open s e t U in Rd and for every compact
K ⊂ U, th ere exists a constant C > 0 such that supK u 6 C for every u ∈ H+(U)).
Corollary 8 . 1 . If H fulfills the ( KO ) property , th en H satisfies th e Brelot
conver - gence property .
Theorem 8 . 1 . Assume that A and B satisfies the following supplementary condi
- tio ns

i ) For every x0 ∈ Rd, the function F from Rd to Rd defined b y
F (x) = A(x, x−x0) is differentiable and div F is locally ( ess entially ) bounded .

i i ) A(x, λξ) = λ | λ |p−2 A(x, ξ) for every λ ∈ R and e very x, ξ ∈ Rd.
ii i ) | B(x, ζ) | > b(x) | ζ |α, α > p− 1 where

b ∈ Ld−εlocd (Rd), 0 < ε < 1, with
essU inf b(x) > 0 for every re latively compact U in Rd.

Then the ( KO ) property is valid by H.
Proof . Let U be the ball with center x0 ∈ Rd and radius R. Put f(x) = R2−

‖ x− x0 ‖2 and g = cf−β , we obtain the desired property if we find a constant c > 0
such that g is a supersolution of the equation ( 1 . 1 ) . We have ∇f(x) = −2(x− x0)
and ∇g(x) = 2cβ(f(x))−(β+1)(x− x0) and then

A(x,∇g(x)) = (2cβ)p−1(f(x))−(β+1)(p−1)A(x, x− x0).

Let φ ∈ C∞c (U), φ > 0 and we set Iφ =
∫
A(x,∇g)∇φdx+

∫
B(x, g)φdx, then

Iφ = −
∫

divA(x,∇g)φdx+

∫
B(x, g)φdx

= −
∫

[2(β + 1)(p− 1)(2cβ)p−1f−(β+1)(p−1)−1A(x, x− x0).(x− x0)

+(2cβ)p−1f−(β+1)(p−1)divA(x, x− x0)− B(x, g)]φdx

> −
∫

[2(β + 1)(p− 1)(2cβ)p−1f−(β+1)(p−1)−1A(x, x− x0).(x− x0)

+(2cβ)p−1f−(β+1)(p−1)divA(x, x− x0)− cαbf−αβ ]φdx

= −
∫

[2cp−1−α(2β)p−1(β + 1)(p− 1)A(x, x− x0).(x− x0)

+cp−1−α(2β)p−1fdivA(x, x− x0)− bfβ(p−1−α)+p]cαf−(β+1)(p−1)−1φdx.

Putting β = p(α− p+ 1)−1 we obtain

Iφ > −
∫

[2(2p
α−p+1)p−1(αα+1

−p+1)(p− 1)A(x, x− x0).(x− x0)

+(2p
α−p+1)p−1fdivA(x, x− x0)− cα−p+1b]cp−1fpαp−1−αφdx.
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I t f o l l o w s from A 2 that $ A ( x , x − x { 0 } ) . ( x − x { 0 }

) $ i s l o c a l l y bounded . Hence i f we take

\begin { a l i g n ∗}
c so that { \alpha }ˆ{ p − 1 } { − p + 1 }\\ c \ geq s l an t [ { x }
\sup { \ in U } \{ 2 ( \alpha { \alpha }ˆ{ + 1 ) ( p − 1 ) } { −
p + 1 } \mid A ( x , x − x { 0 }{ b }ˆ{ ) . ( x } { ( x
) } − x { 0 } ) \mid + R ˆ{ 2 } \mid div A ( { b }ˆ{ x , } { (
x }ˆ{ x } { ) } − x { 0 } ) \mid \} ] 1 { − { \alpha } p + } 1 \\ \times
( { \alpha } 2 { − p }ˆ{ p } + 1 ) p { \alpha − p + }ˆ{ − 1 } 1
,
\end{ a l i g n ∗}

\noindent then $ I { \phi } \ geq s l an t 0 $ ho lds f o r every $ \phi \ in C ˆ{ \ infty } { c }
( U ) $ with $ \phi \ geq s l an t 0 . $ \ h f i l l Thus the func t i on $ g ( x
) = $

\noindent $ c ( R ˆ{ 2 } − \paral le l x − x { 0 } \paral le l ˆ{ 2 } ) ˆ{ p
( p − 1 − \alpha ) }$ i s a s u p e r s o l u t i o n s a t i s f y i n g $ \ lim { x \rightarrow
z } g ( x ) = + \ infty $ f o r every

$ z \ in \partial U . $ \quad By the comparison p r i n c i p l e we have H $ U ˆ{ n }
\ l e q s l a n t g $ f o r every $ n \ in N $ and

\noindent t h e r e f o r e , the i n c r e a s i n g sequence $ ( H { U } n ) { n }$ o f harmonic f u n c t i o n s i s l o c a l l y uni formly
bounded on $ U . $ The Bauer convergence property i m p l i e s that $ u = $ sup $ H { U }

n \ in H ( U ) , $

\ [ n \ ]

\noindent t h e r e f o r e we have $ \ lim { x \rightarrow z }$ i n f $ u ( x )
\ geq s l an t n $ f o r every $ z $ in $ \partial U , $ thus $ \ lim { x \rightarrow
z } u ( x ) = + \ infty $ f o r every

\noindent $ z $ in $ \partial U $ and $ u $ i s a r e g u l a r Evans func t i on . S ince
$ U $ i s an a r b i t r a r y b a l l , we get the

d e s i r e d property $ . \ square $

\noindent Coro l l a ry 8 . 2 . \ h f i l l Under the assumptions in Theorem 8 . 1 , f o r every b a l l B
$ = $ B $ ( x { 0 } , R ) $

\noindent with cente r $ x { 0 }$ and rad iu s $ R $ and f o r every $ u \ in H
( U ) , $

\ [ \mid u ( x { 0 } ) \mid \ l e q s l a n t cR 2 { − { p } 1 }ˆ{ p } { −
\alpha }\ ]

\noindent where

\ [\ begin { a l i gned } c = [ \sup { x \ in B } \{ 2 ( \alpha { \alpha }ˆ{ +
1 ) ( p − 1 ) } { − p + 1 } \mid A ( x , x − x { 0 }{ b }ˆ{ )
. ( x } { ( x ) } − x { 0 } ) \mid + R ˆ{ 2 } \mid div A ( { b }ˆ{ x
, } { ( x }ˆ{ x } { ) } − x { 0 } ) \mid \} ] 1 { p { − { \alpha }}}

+ 1 \\
\times ( { \alpha } 2 { − p }ˆ{ p } + 1 ) p { \alpha − p + }ˆ{ −

1 } 1 . \end{ a l i gned }\ ]

\noindent Proof . \quad From the proo f o f the prev ious theorem , i f $ B { n } = $
B $ ( x { 0 } , R ( 1 − n ˆ{ − 1 } ) ) , n \ geq s l an t 2 , $

we have

\ [ u ( x { 0 } ) \ l e q s l a n t c { n } \ l e f t (\ begin { array }{ c} R ( n − 1
) \\ n \end{ array }\ right ) 2 { − { p } 1 }ˆ{ p } { − \alpha }\ ]

\noindent f o r every $ n \ geq s l an t 2 $ and

\ [\ begin { a l i gned } c { n } = \ l e f t [\ begin { array }{ c} \sup \\ x \ in B { n }\end{ array }\ right \{
2 ( \alpha { \alpha }ˆ{ + 1 ) ( p − 1 ) } { − p + 1 } \mid
A ( x , −{ x } { 0 }{ b }ˆ{ ) . ( x } { ( x ) } − x { 0 } ) \mid \\

+ \ l e f t (\ begin { array }{ c} R ( n − 1 ) \\ n \end{ array }\ right )ˆ{ 2 } \mid
div A ( { b }ˆ{ x , } { ( x }ˆ{ x } { ) } − x { 0 } ) \mid \} ]
1 { − { \alpha } p + } 1 \ l e f t (\ begin { array }{ c} 2 p \\ \alpha − p +
1 \end{ array }\ right ) p { \alpha − p + }ˆ{ − 1 } { 1 }\\
\ l e q s l a n t \ l e f t [\ begin { array }{ c} \sup \\ x \ in B \end{ array }\ right \{ 2 (

\alpha { \alpha }ˆ{ + 1 ) ( p − 1 ) } { − p + 1 } \mid A (
x , x − x { 0 }{ b }ˆ{ ) . ( x } { ( x ) } − x { 0 } ) \mid \\

+ R ˆ{ 2 } \mid div A ( { b }ˆ{ x , } { ( x }ˆ{ x } { ) } − x { 0 }
) \mid \} ] 1 { − { \alpha } p + } 1 \ l e f t (\ begin { array }{ c} 2 p \\ \alpha
− p + 1 \end{ array }\ right ) p { \alpha − }ˆ{ − 1 } { p + 1 } . \end{ a l i gned }\ ]

\noindent Then we obta in the i n e q u a l i t y

\ [ u ( x { 0 } ) \ l e q s l a n t cR 2 { − { p } 1 }ˆ{ p } { − \alpha } . \ ]

\noindent Since $ − u $ i s a s o l u t i o n o f s i m i l a r l y equat ion , we get

\ [ − u ( x { 0 } ) \ l e q s l a n t cR 2 { − { p } 1 }ˆ{ p } { − \alpha }\ ]
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It follows from A 2 that A open parenthesis x comma x minus x sub 0 closing parenthesis period open parenthesis

x minus x sub 0 closing parenthesis is lo cally bounded period Hence if we take
c so that sub alpha sub minus p plus 1 to the power of p minus 1 c geqslant open square bracket sub x supremum

in U open brace 2 open parenthesis alpha sub alpha sub minus p plus 1 to the power of plus 1 closing parenthesis open
parenthesis p minus 1 closing parenthesis bar A open parenthesis x comma x minus x sub 0 b sub open parenthesis
x closing parenthesis to the power of closing parenthesis period open parenthesis x minus x sub 0 closing parenthesis
bar plus R to the power of 2 bar div A open parenthesis b sub open parenthesis x to the power of x comma sub closing
parenthesis to the power of x minus x sub 0 closing parenthesis bar closing brace closing square bracket 1 minus alpha
p plus 1 times open parenthesis sub alpha 2 minus p to the power of p plus 1 closing parenthesis p alpha minus p plus
to the power of minus 1 1 comma

then I sub phi geqslant 0 holds for every phi in C sub c to the power of infinity open parenthesis U closing
parenthesis with phi geqslant 0 period .... Thus the function g open parenthesis x closing parenthesis =

c open parenthesis R to the power of 2 minus bar x minus x sub 0 bar to the power of 2 closing parenthesis to
the power of p open parenthesis p minus 1 minus alpha closing parenthesis is a supersolution satisfying limint x right
arrow z g open parenthesis x closing parenthesis = plus infinity for every

z in partialdiff U period .. By the comparison principle we have H U to the power of n leqslant g for every n in N
and

therefore comma the increasing sequence open parenthesis H sub U n closing parenthesis sub n of harmonic
functions is lo cally uniformly

bounded on U period The Bauer convergence property implies that u = sup H sub U n in H open parenthesis U
closing parenthesis comma

n
therefore we have limint x right arrow z inf u open parenthesis x closing parenthesis geqslant n for every z in

partialdiff U comma thus limint x right arrow z u open parenthesis x closing parenthesis = plus infinity for every
z in partialdiff U and u is a regular Evans function period Since U is an arbitrary ball comma we get the
desired property period square
Corollary 8 period 2 period .... Under the assumptions in Theorem 8 period 1 comma for every ball B = B open

parenthesis x sub 0 comma R closing parenthesis
with center x sub 0 and radius R and for every u in H open parenthesis U closing parenthesis comma
bar u open parenthesis x sub 0 closing parenthesis bar leqslant cR 2 minus p 1 sub minus alpha to the power of p
where
Line 1 c = bracketleftbig supremum x in B open brace 2 open parenthesis alpha sub alpha sub minus p plus 1

to the power of plus 1 closing parenthesis open parenthesis p minus 1 closing parenthesis bar A open parenthesis x
comma x minus x sub 0 b sub open parenthesis x closing parenthesis to the power of closing parenthesis period open
parenthesis x minus x sub 0 closing parenthesis bar plus R to the power of 2 bar div A open parenthesis b sub open
parenthesis x to the power of x comma sub closing parenthesis to the power of x minus x sub 0 closing parenthesis
bar closing brace closing square bracket 1 p minus alpha plus 1 Line 2 times open parenthesis sub alpha 2 minus p to
the power of p plus 1 closing parenthesis p alpha minus p plus to the power of minus 1 1 period

Proof period .. From the proof of the previous theorem comma if B sub n = B open parenthesis x sub 0 comma
R open parenthesis 1 minus n to the power of minus 1 closing parenthesis closing parenthesis comma n geqslant 2
comma

we have
u open parenthesis x sub 0 closing parenthesis leqslant c sub n Row 1 R open parenthesis n minus 1 closing

parenthesis Row 2 n . 2 minus p 1 sub minus alpha to the power of p
for every n geqslant 2 and
Line 1 c sub n = Row 1 supremum Row 2 x in B sub n . 2 open parenthesis alpha sub alpha sub minus p plus

1 to the power of plus 1 closing parenthesis open parenthesis p minus 1 closing parenthesis bar A open parenthesis x
comma minus x sub 0 b sub open parenthesis x closing parenthesis to the power of closing parenthesis period open
parenthesis x minus x sub 0 closing parenthesis bar Line 2 plus Row 1 R open parenthesis n minus 1 closing parenthesis
Row 2 n . to the power of 2 bar div A open parenthesis b sub open parenthesis x to the power of x comma sub closing
parenthesis to the power of x minus x sub 0 closing parenthesis bar bracerightbigg bracketrightbigg 1 minus alpha p
plus 1 Row 1 2 p Row 2 alpha minus p plus 1 . p alpha minus p plus sub 1 to the power of minus 1 Line 3 leqslant
Row 1 supremum Row 2 x in B . 2 open parenthesis alpha sub alpha sub minus p plus 1 to the power of plus 1 closing
parenthesis open parenthesis p minus 1 closing parenthesis bar A open parenthesis x comma x minus x sub 0 b sub
open parenthesis x closing parenthesis to the power of closing parenthesis period open parenthesis x minus x sub 0
closing parenthesis bar Line 4 plus R to the power of 2 bar div A open parenthesis b sub open parenthesis x to the
power of x comma sub closing parenthesis to the power of x minus x sub 0 closing parenthesis bar bracerightbigg
bracketrightbigg 1 minus alpha p plus 1 Row 1 2 p Row 2 alpha minus p plus 1 . p alpha minus sub p plus 1 to the
power of minus 1 period

Then we obtain the inequality
u open parenthesis x sub 0 closing parenthesis leqslant cR 2 minus p 1 sub minus alpha to the power of p period
Since minus u is a solution of similarly equation comma we get
minus u open parenthesis x sub 0 closing parenthesis leqslant cR 2 minus p 1 sub minus alpha to the power of p
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follows from A 2 that A(x, x− x0).(x− x0) is lo cally bounded . Hence if we take

csothatp−1
α −p+1

c > [xsup
∈U
{2(α+1)(p−1)

α −p+1 | A(x, x− x0b
).(x
(x) − x0) | +R2 | divA(x,b

x
(x) − x0) |}]1−αp+1

×(α2p−p + 1)p−1
α−p+1,

then Iφ > 0 holds for every φ ∈ C∞c (U) with φ > 0. Thus the function g(x) =
c(R2− ‖ x − x0 ‖2)p(p−1−α) is a supersolution satisfying limx→z g(x) = +∞ for every
z ∈ ∂U. By the comparison principle we have H Un 6 g for every n ∈ N and
therefore , the increasing sequence (HUn)n of harmonic functions is lo cally uniformly
bounded on U. The Bauer convergence property implies that u = sup HUn ∈ H(U),

n

therefore we have limx→z inf u(x) > n for every z in ∂U, thus limx→z u(x) = +∞ for every
z in ∂U and u is a regular Evans function . Since U is an arbitrary ball , we get the desired
property . �
Corollary 8 . 2 . Under the assumptions in Theorem 8 . 1 , for every ball B = B
(x0, R)
with center x0 and radius R and for every u ∈ H(U),

| u(x0) |6 cR2p−p1−α

where

c = [sup
x∈B
{2(α+1)(p−1)

α −p+1 | A(x, x− x0b
).(x
(x) − x0) | +R2 | divA(x,b

x
(x) − x0) |}]1p−α + 1

×(α2p−p + 1)p−1
α−p+1.

Proof . From the proof of the previous theorem , if Bn = B (x0, R(1 − n−1)), n > 2,
we have

u(x0) 6 cn

(
R(n− 1)

n

)
2p−p1−α

for every n > 2 and

cn =

[
sup

x ∈ Bn

{
2(α+1)(p−1)

α −p+1 | A(x,−x0b
).(x
(x) − x0) |

+

(
R(n− 1)

n

)2

| divA(x,b
x
(x) − x0) |}]1−αp+1

(
2p

α− p+ 1

)
p−1
α−p+1

6

[
sup
x ∈ B

{
2(α+1)(p−1)

α −p+1 | A(x, x− x0b
).(x
(x) − x0) |

+R2 | divA(x,b
x
(x) − x0) |}]1−αp+1

(
2p

α− p+ 1

)
p−1
α−p+1.

Then we obtain the inequality

u(x0) 6 cR2p−p1−α.

Since −u is a solution of similarly equation , we get

−u(x0) 6 cR2p−p1−α
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\noindent with the same constant $ c $ as be f o r e . Then we have the d e s i r e d i n e q u a l i t y
$ . \ square $
We now have a L i o u v i l l e l i k e theorem .

\noindent Theorem 8 . 2 . \quad Assume that the c o n d i t i o n s in Theorem 8 . 1 are s a t i s f i e d and that

\ [ \ lim { R \rightarrow \ infty } \ inf ( R ˆ{ − 2 p } M ( R ) )
= 0 \ ]

\noindent where

\ [ M ( R ) = \paral le l \sup { − { x } x { 0 } \paral le l } \ l e q s l a n t
R \{ 2 ( \alpha { \alpha }ˆ{ + 1 ) ( p − 1 ) } { − p + 1 }
\mid A ( x , x − x { 0 }{ b }ˆ{ ) . ( x } { ( x ) } − x { 0 }
) \mid + R ˆ{ 2 } \mid div A ( { b }ˆ{ x , } { ( x }ˆ{ x } { ) } −
x { 0 } ) \mid \} . \ ]

\noindent Then $ u \equiv 0 $ i s the unique s o l u t i o n o f th e equat ion ( 1 . 1 ) on
$ R ˆ{ d } . $

Proof . \quad Let $ u $ be a s o l u t i o n o f the equat ion ( 1 . 1 ) on $ R ˆ{ d } . $
\quad By the prev ious c o r o l l a r y ,

\noindent we have f o r every $ x { 0 } \ in R ˆ{ d }$ and every $ R > 0 $

\ [\ begin { a l i gned } \mid u ( x { 0 } ) \mid \ l e q s l a n t [ { \paral le l } \sup { − { x }
x { 0 } \paral le l } \ l e q s l a n t R \ l e f t \{\ begin { a l i gned } & 2 ( \alpha +
1 ) ( p − 1 ) \mid A ( x , x − x { 0 } ) . ( x −
x { 0 } ) \mid \\

& \alpha − p + 1 b ( x ) \end{ a l i gned }\ right .\\
+ R ˆ{ 2 } \mid div A ( { b }ˆ{ x , } { ( x }ˆ{ x } { ) } − x { 0 }

) \mid \} R ˆ{ − 2 p } ] 1 { − { \alpha } p + } 1 \ l e f t (\ begin { array }{ c} 2
p \\ \alpha − p + 1 \end{ array }\ right ) p−minus { \alpha − p + 1 }ˆ{ 1 }
. \\

Hence u ( x { 0 } ) = 0 and u \equiv 0 . \ square \end{ a l i gned }\ ]

\centerline {9 . \quad Appl i ca t i ons }

\hspace ∗{\ f i l l }We s h a l l use the prev ious r e s u l t s f o r the i n v e s t i g a t i o n o f the $ p−minus $
Laplace $ \Delta { p } , p \ geq s l an t 2 $

\noindent which i s the Laplace operator i f $ p = 2 . \Delta { p }$ i s a s s o c i a t e d with
$ A ( x , \xi ) = \mid \xi \mid ˆ{ p − 2 } \xi , $

\noindent an easy c a l c u l a t i o n g i v e s div $ A ( x , x − x { 0 } ) = (
d + p − 2 ) \paral le l x − x { 0 } \paral le l p − 2 { . }$ Let , f o r every

$ \alpha > 0 , H { \alpha }$ denote the shea f o f a l l cont inuous s o l u t i o n o f the equat ion

\ [\ begin { a l i gned } − \Delta { p } u + b ( x ) sgn ( u ) \mid
u \mid ˆ{ \alpha } = 0 ( 9 . 1 ) \\

d \\
where b \ in L ˆ{ d − \varepsilon } { l o c } ( R ˆ{ d } ) , b \ geq s l an t

0 and 0 < \varepsilon < 1 . \end{ a l i gned }\ ]

\noindent Theorem 9 . 1 . \quad Assume that $ p \ geq s l an t 2 . $ \quad For $ \alpha
> 0 , $ \quad l e t $ H { \alpha }$ \quad denote the shea f o f a l l

cont inuous s o l u t i o n o f th e equat ion

\ [\ begin { a l i gned } − \Delta { p } u + b ( x ) sgn ( u ) \mid
u \mid ˆ{ \alpha } = 0 . \\

d \end{ a l i gned }\ ]

\noindent where $ b \ in L ˆ{ d − \varepsilon } { l o c } ( R ˆ{ d } ) ,
b \ geq s l an t 0 $ and $ 0 < \varepsilon < 1 . $ \quad Then

( 1 ) \quad For every $ \alpha > 0 , ( R ˆ{ d } , H { \alpha } ) $ \quad i s a non l in ea r Bauer harmonic space with the
Bre lo t convergence Property .

\centerline{ $ ( 2 ) H { \alpha }$ i s e l l i p t i c f o r e very $ \alpha \ geq s l an t
p − 1 . $ }

\hspace ∗{\ f i l l }( 3 ) \quad I f $ \alpha > p − 1 $ and $ \ inf { U } b >
0 $ f o r every r e l a t i v e l y compact open $ U $ in $ R ˆ{ d } , $ then

\centerline{ the property ( KO ) i s s a t i s f i e d b y $ H { \alpha } . $ }

\centerline {( 4 ) \quad I f $ \alpha > p − 1 $ and $ , \ inf { R } d b
> 0 , $ th en $ H { \alpha } ( R ˆ{ d } ) = \{ 0 \} . $ }

\noindent Theorem \quad 9 . 2 . \quad Let $ U \subset R ˆ{ d }$ \quad be an bounded open s e t whose \quad boundary
$ , \partial U , $ \quad can

be repre s ent ed l o c a l l y as a graph o f func t i on with H $ \ddot{o} $ l d e r cont inuous d e r i v a t i v e s .
Assume that $ \alpha > p − 1 . $ \quad Then $ U $ admits a r e g u l a r Evans func t i on f o r

$ H . $

18 .... A period BAALAL ampersand A period BOUKRICHA .... EJDE endash 2 0 1 slash 3 1
with the same constant c as before period Then we have the desired inequality period square
We now have a Liouville like theorem period
Theorem 8 period 2 period .. Assume that the conditions in Theorem 8 period 1 are satisfied and that
limint R right arrow infinity inf parenleftbig R to the power of minus 2 p M open parenthesis R closing parenthesis

parenrightbig = 0
where
M open parenthesis R closing parenthesis = bar supremum minus x x sub 0 bar leqslant R braceleftbigg 2 open

parenthesis alpha sub alpha sub minus p plus 1 to the power of plus 1 closing parenthesis open parenthesis p minus 1
closing parenthesis bar A open parenthesis x comma x minus x sub 0 b sub open parenthesis x closing parenthesis to
the power of closing parenthesis period open parenthesis x minus x sub 0 closing parenthesis bar plus R to the power
of 2 bar div A open parenthesis b sub open parenthesis x to the power of x comma sub closing parenthesis to the
power of x minus x sub 0 closing parenthesis bar bracerightbigg period

Then u equiv 0 is the unique s o lutio n of th e equation open parenthesis 1 period 1 closing parenthesis on R to
the power of d period

Proof period .. Let u be a solution of the equation open parenthesis 1 period 1 closing parenthesis on R to the
power of d period .. By the previous corollary comma

we have for every x sub 0 in R to the power of d and every R greater 0
Line 1 bar u open parenthesis x sub 0 closing parenthesis bar leqslant open square bracket sub bar supremum

minus x x sub 0 bar leqslant R Case 1 2 open parenthesis alpha plus 1 closing parenthesis open parenthesis p minus
1 closing parenthesis bar A open parenthesis x comma x minus x sub 0 closing parenthesis period open parenthesis
x minus x sub 0 closing parenthesis bar Case 2 alpha minus p plus 1 b open parenthesis x closing parenthesis Line 2
plus R to the power of 2 bar div A open parenthesis b sub open parenthesis x to the power of x comma sub closing
parenthesis to the power of x minus x sub 0 closing parenthesis bar bracerightbigg R to the power of minus 2 p
bracketrightbigg 1 minus alpha p plus 1 Row 1 2 p Row 2 alpha minus p plus 1 . p-minus alpha minus p plus 1 to
the power of 1 period Line 3 Hence u open parenthesis x sub 0 closing parenthesis = 0 and u equiv 0 period square

9 period .. Applications
We shall use the previous results for the investigation of the p-minus Laplace Capital Delta sub p comma p geqslant

2
which is the Laplace operator if p = 2 period Capital Delta sub p is associated with A open parenthesis x comma

xi closing parenthesis = bar xi bar to the power of p minus 2 xi comma
an easy calculation gives div A open parenthesis x comma x minus x sub 0 closing parenthesis = open parenthesis

d plus p minus 2 closing parenthesis bar x minus x sub 0 bar p minus 2 sub period Let comma for every
alpha greater 0 comma H sub alpha denote the sheaf of all continuous solution of the equation
Line 1 minus Capital Delta sub p u plus b open parenthesis x closing parenthesis sgn open parenthesis u closing

parenthesis bar u bar to the power of alpha = 0 open parenthesis 9 period 1 closing parenthesis Line 2 d Line 3 where
b in L sub lo c to the power of d minus epsilon open parenthesis R to the power of d closing parenthesis comma b
geqslant 0 and 0 less epsilon less 1 period

Theorem 9 period 1 period .. Assume that p geqslant 2 period .. For alpha greater 0 comma .. le t H sub alpha ..
denote the sheaf of al l

continuous s o lutio n of th e equation
Line 1 minus Capital Delta sub p u plus b open parenthesis x closing parenthesis sgn open parenthesis u closing

parenthesis bar u bar to the power of alpha = 0 period Line 2 d
where b in L sub loc to the power of d minus epsilon open parenthesis R to the power of d closing parenthesis

comma b geqslant 0 and 0 less epsilon less 1 period .. Then
open parenthesis 1 closing parenthesis .. For every alpha greater 0 comma open parenthesis R to the power of d

comma H sub alpha closing parenthesis .. is a nonlinear Bauer harmonic space with the
Brelot convergence Property period
open parenthesis 2 closing parenthesis H sub alpha is e l lip ti c for e very alpha geqslant p minus 1 period
open parenthesis 3 closing parenthesis .. If alpha greater p minus 1 and inf sub U b greater 0 for every relatively

compact open U in R to the power of d comma then
the property open parenthesis KO closing parenthesis is satisfied b y H sub alpha period
open parenthesis 4 closing parenthesis .. If alpha greater p minus 1 and comma inf sub R d b greater 0 comma th

en H sub alpha open parenthesis R to the power of d closing parenthesis = open brace 0 closing brace period
Theorem .. 9 period 2 period .. Let U subset R to the power of d .. be an bounded open s e t whose .. boundary

comma partialdiff U comma .. can
be represented locally as a graph of function with H dieresis-o lder continuous derivatives period
Assume that alpha greater p minus 1 period .. Then U admits a regular Evans function for H period
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with the same constant c as before . Then we have the desired inequality . � We now
have a Liouville like theorem .
Theorem 8 . 2 . Assume that the conditions in Theorem 8 . 1 are satisfied and that

lim
R→∞

inf(R−2pM(R)) = 0

where

M(R) = ‖ sup
−xx0‖

6 R{2(α+1)(p−1)
α −p+1 | A(x, x−x0b

).(x
(x) −x0) | +R2 | divA(x,b

x
(x)−x0) |}.

Then u ≡ 0 is the unique s o lutio n of th e equation ( 1 . 1 ) on Rd. Proof . Let u
be a solution of the equation ( 1 . 1 ) on Rd. By the previous corollary ,
we have for every x0 ∈ Rd and every R > 0

| u(x0) | 6 [‖ sup
−xx0‖

6 R

{
2(α+ 1)(p− 1) | A(x, x− x0).(x− x0) |
α− p+ 1 b(x)

+R2 | divA(x,b
x
(x) − x0) |}R−2p]1−αp+1

(
2p

α− p+ 1

)
p−minus1

α−p+1.

Henceu(x0) = 0andu ≡ 0. �

9 . Applications
We shall use the previous results for the investigation of the p−minus Laplace

∆p, p > 2
which is the Laplace operator if p = 2. ∆p is associated with A(x, ξ) =| ξ |p−2 ξ,
an easy calculation gives div A(x, x − x0) = (d + p − 2) ‖ x − x0 ‖ p − 2. Let , for every
α > 0,Hα denote the sheaf of all continuous solution of the equation

−∆pu+ b(x)sgn(u) | u |α= 0 (9.1)

d

whereb ∈ Ld−εloc (Rd), b > 0and0 < ε < 1.

Theorem 9 . 1 . Assume that p > 2. For α > 0, le t Hα denote the sheaf of
al l continuous s o lutio n of th e equation

−∆pu+ b(x)sgn(u) | u |α= 0.

d

where b ∈ Ld−εloc (Rd), b > 0 and 0 < ε < 1. Then
( 1 ) For every α > 0, (Rd,Hα) is a nonlinear Bauer harmonic space with the

Brelot convergence Property .
(2) Hα is e l lip ti c for e very α > p− 1.

( 3 ) If α > p− 1 and infU b > 0 for every relatively compact open U in Rd, then
the property ( KO ) is satisfied b y Hα.

( 4 ) If α > p− 1 and , infR db > 0, th en Hα(Rd) = {0}.
Theorem 9 . 2 . Let U ⊂ Rd be an bounded open s e t whose boundary
, ∂U, can be represented locally as a graph of function with H ö lder continuous
derivatives . Assume that α > p− 1. Then U admits a regular Evans function for H.
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Proof . \quad We f i r s t prove the e x i s t e n c e o f a cont inuous s u p e r s o l u t i o n $ v $ on

$ U $ such that

\begin { a l i g n ∗}
\ lim { x \rightarrow z } v ( x ) = + \ infty , f o r every z
\ in \partial U .
\end{ a l i g n ∗}

Let $ f $ in $ C ˆ{ \ infty } { c } ( U ) $ be a p o s i t i v e func t i on $ ( f
\not= 0 ) $ and $ w \ in W ˆ{ 1 , p } { 0 } ( U ) $ be the s o l u t i o n

o f the problem

\ [\ begin { a l i gned } \ int { U } \mid \nabla w \mid ˆ{ p − 2 } \nabla w \cdot
\nabla \phi dx = \ int { U } f \phi dx , \phi \ in W ˆ{ 1 , p } { 0 }
( U ) \\

w = 0 on \partial U \end{ a l i gned }\ ]

By the r e g u l a r i t y theory $ , w $ has a H $ \ddot{o} $ l d e r cont inuous g rad i en t
$ , w $ i s cont inuous

s u p e r s o l u t i o n $ w > 0 $ in $ U , \ lim { x \rightarrow z } w ( x
) = 0 $ f o r every $ z \ in \partial U $ and $ \paral le l w \paral le l
\ infty ˆ{ + } \paral le l \nabla w \paral le l \ infty \rightarrow $

\noindent 0 as \quad $ \paral le l f \paral le l \ infty \rightarrow 0 . $ Then we s e t
$ v = w ˆ{ − \beta }$ and look f o r $ \beta > 0 $ and $ f $ such that

\ [ \ int { U } \mid \nabla v \mid ˆ{ p − 2 } \nabla v \cdot \nabla
\phi dx + \ int { U } b ( x ) v ˆ{ \alpha } \phi dx \ geq s l an t 0
\phi \ geq s l an t 0 , \phi \ in W ˆ{ 1 , p } { 0 } ( U ) . \ ]

\noindent For every $ \phi \ geq s l an t 0 , \ in W ˆ{ 1 , p } { 0 } ( U
) , $ we have

\ [\ begin { a l i gned } \ int { U } \mid \nabla v \mid ˆ{ p − 2 } \nabla v \cdot
\nabla \phi dx = − \beta ˆ{ p − 1 } \ int { U } w ˆ{ − ( \beta +
1 ) ( p − 1 ) } \mid \nabla w \mid ˆ{ p − 2 } \nabla w \cdot
\nabla \phi dx \\

= − \beta ˆ{ p − 1 } \ int { U } \mid \nabla w \mid ˆ{ p − 2 }
\nabla w \cdot \nabla ( w ˆ{ − ( \beta + 1 ) ( p − 1 ) }
\phi ) dx \\
− \beta ˆ{ p − 1 } ( \beta + 1 ) ( p − 1 ) \ int { U } w ˆ{ −

( \beta + 1 ) ( p − 1 ) − 1 } \phi \mid \nabla w \mid ˆ{ p }
dx \\

= − \beta ˆ{ p − 1 } \ int { U } w ˆ{ − ( \beta + 1 ) ( p
− 1 ) − 1 } [ wf + ( \beta + 1 ) ( p − 1 ) \mid \nabla
w \mid ˆ{ p } ] \phi dx ; \end{ a l i gned }\ ]

\noindent thus

\ [\ begin { a l i gned } \ int { U } \mid \nabla v \mid ˆ{ p − 2 } \nabla v \cdot
\nabla \phi dx \\

+ \beta ˆ{ p − 1 } \ int { U } bv ( \beta + 1 ) ( { \beta } p
− 1 ) + 1 [ b ˆ{ − 1 } wf + ( \beta + 1 ) ( p − 1
) b ˆ{ − 1 } \mid \nabla w \mid ˆ{ p } ] \phi dx = 0 . \end{ a l i gned }\ ]

\noindent Put $ \beta = p { \alpha − p + 1 }$ and choose $ f $ such that
$ wf + ( \beta + 1 ) ( p − 1 ) \mid \nabla w \mid ˆ{ p }
\ l e q s l a n t b \beta ˆ{ 1 − p } . $ Then

\ [ \ int { U } \mid \nabla v \mid ˆ{ p − 2 } \nabla v \cdot \nabla
\phi dx + \ int { U } bv ˆ{ \alpha } \phi dx \ geq s l an t 0 , f o r every
\phi \ geq s l an t 0 , \phi \ in W ˆ{ 1 , p } { 0 } ( U ) ; \ ]

\noindent t h e r e f o r e $ , v $ i s a cont inuous s u p e r s o l u t i o n o f ( 9 . 1 ) such that
$ \ lim { x \rightarrow z } v ( x ) = + \ infty , $ f o r

\begin { a l i g n ∗}
every z \ in \partial U .
\end{ a l i g n ∗}

\centerline{Let $ u { n }$ denote the cont inuous s o l u t i o n o f the problem }

\ [\ begin { a l i gned } \ int { U } \mid \nabla u \mid ˆ{ p − 2 } \nabla u \cdot
\nabla \phi dx + \ int { U } bu ˆ{ \alpha } \phi dx = 0 , \phi \ in
W ˆ{ 1 , p } { 0 } ( U ) \\

u = n \ in N on \partial U \end{ a l i gned }\ ]

\noindent By the comparison p r i n c i p l e we have $ 0 \ l e q s l a n t u { n } \ l e q s l a n t
v $ f o r a l l $ n $ and by the convergence

\noindent property , the func t i on $ u = \sup { n } u { n }$ i s a r e g u l a r Evans func t i on f o r
$ H $ and $ U . \ square $

\noindent Theorem 9 . 3 . \ h f i l l Let $ \alpha > p − 1 $ \ h f i l l and l e t $ U $
be a s ta r domain and $ b $ cont inuous and

\noindent s t r i c t l y p o s i t i v e func t i on on $ R ˆ{ d } . $ \ h f i l l Assume that th e c o n d i t i o n s in \ h f i l l Theorem 9 . 1 are

\noindent s a t i s f i e d . \ h f i l l I f th e r e e x i s t s a r e g u l a r Evans func t i on $ u $ a s s o c i a t e d with
$ U $ and $ H { \alpha } , $ then

\noindent $ u $ i s unique .

\centerline{The proo f i s the same as in [ 4 ] and [ 6 ] when $ b \equiv 1 . $
}
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Proof period .. We first prove the existence of a continuous supersolution v on U such that
limint sub x right arrow z v open parenthesis x closing parenthesis = plus infinity comma for every z in partialdiff

U period
Let f in C sub c to the power of infinity open parenthesis U closing parenthesis be a positive function open

parenthesis f negationslash-equal 0 closing parenthesis and w in W sub 0 to the power of 1 comma p open parenthesis
U closing parenthesis be the solution

of the problem
Line 1 integral sub U bar nabla w bar to the power of p minus 2 nabla w times nabla phi dx = integral sub U f

phi dx comma phi in W sub 0 to the power of 1 comma p open parenthesis U closing parenthesis Line 2 w = 0 on
partialdiff U

By the regularity theory comma w has a H dieresis-o lder continuous gradient comma w is continuous
supersolution w greater 0 in U comma limint sub x right arrow z w open parenthesis x closing parenthesis = 0 for

every z in partialdiff U and bar w bar infinity to the power of plus bar nabla w bar infinity right arrow
0 as .. bar f bar infinity right arrow 0 period Then we set v = w to the power of minus beta and look for beta

greater 0 and f such that
integral sub U bar nabla v bar to the power of p minus 2 nabla v times nabla phi dx plus integral sub U b open

parenthesis x closing parenthesis v to the power of alpha phi dx geqslant 0 phi geqslant 0 comma phi in W sub 0 to
the power of 1 comma p open parenthesis U closing parenthesis period

For every phi geqslant 0 comma in W sub 0 to the power of 1 comma p open parenthesis U closing parenthesis
comma we have

Line 1 integral sub U bar nabla v bar to the power of p minus 2 nabla v times nabla phi dx = minus beta to the
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thus
Line 1 integral sub U bar nabla v bar to the power of p minus 2 nabla v times nabla phi dx Line 2 plus beta to

the power of p minus 1 integral sub U bv open parenthesis beta plus 1 closing parenthesis open parenthesis sub beta
p minus 1 closing parenthesis plus 1 bracketleftbig b to the power of minus 1 wf plus open parenthesis beta plus 1
closing parenthesis open parenthesis p minus 1 closing parenthesis b to the power of minus 1 bar nabla w bar to the
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Put beta = p alpha minus p plus 1 and choose f such that wf plus open parenthesis beta plus 1 closing parenthesis
open parenthesis p minus 1 closing parenthesis bar nabla w bar to the power of p leqslant b beta to the power of 1
minus p period Then

integral sub U bar nabla v bar to the power of p minus 2 nabla v times nabla phi dx plus integral sub U bv to the
power of alpha phi dx geqslant 0 comma for every phi geqslant 0 comma phi in W sub 0 to the power of 1 comma p
open parenthesis U closing parenthesis semicolon

therefore comma v is a continuous supersolution of open parenthesis 9 period 1 closing parenthesis such that limint
sub x right arrow z v open parenthesis x closing parenthesis = plus infinity comma for

every z in partialdiff U period
Let u sub n denote the continuous solution of the problem
Line 1 integral sub U bar nabla u bar to the power of p minus 2 nabla u times nabla phi dx plus integral sub U

bu to the power of alpha phi dx = 0 comma phi in W sub 0 to the power of 1 comma p open parenthesis U closing
parenthesis Line 2 u = n in N on partialdiff U

By the comparison principle we have 0 leqslant u sub n leqslant v for all n and by the convergence
property comma the function u = supremum sub n u sub n is a regular Evans function for H and U period square
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s trictly positive function on R to the power of d period .... Assume that th e conditions in .... Theorem 9 period

1 are
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bracket when b equiv 1 period
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. We first prove the existence of a continuous supersolution v on U such that

lim
x→z

v(x) = +∞, foreveryz ∈ ∂U.

Let f in C∞c (U) be a positive function (f 6= 0) and w ∈ W1,p
0 (U) be the solution of the

problem ∫
U

| ∇w |p−2 ∇w · ∇φdx =

∫
U

fφdx, φ ∈ W1,p
0 (U)

w = 0 on∂U

By the regularity theory , w has a H ö lder continuous gradient , w is continuous super-
solution w > 0 in U, limx→z w(x) = 0 for every z ∈ ∂U and ‖ w ‖ ∞+ ‖ ∇w ‖ ∞ →
0 as ‖ f ‖ ∞ → 0. Then we set v = w−β and look for β > 0 and f such that∫

U

| ∇v |p−2 ∇v · ∇φdx+

∫
U

b(x)vαφdx > 0 φ > 0, φ ∈ W1,p
0 (U).

For every φ > 0,∈ W1,p
0 (U), we have∫

U

| ∇v |p−2 ∇v · ∇φdx = −βp−1

∫
U

w−(β+1)(p−1) | ∇w |p−2 ∇w · ∇φdx

= −βp−1

∫
U

| ∇w |p−2 ∇w · ∇(w−(β+1)(p−1)φ)dx

−βp−1(β + 1)(p− 1)

∫
U

w−(β+1)(p−1)−1φ | ∇w |p dx

= −βp−1

∫
U

w−(β+1)(p−1)−1[wf + (β + 1)(p− 1) | ∇w |p]φdx;

thus

∫
U

| ∇v |p−2 ∇v · ∇φdx

+βp−1

∫
U

bv(β + 1)(βp− 1) + 1 [b−1wf + (β + 1)(p− 1)b−1 | ∇w |p]φdx = 0.

Put β = pα−p+1 and choose f such that wf + (β + 1)(p− 1) | ∇w |p6 bβ1−p. Then∫
U

| ∇v |p−2 ∇v · ∇φdx+

∫
U

bvαφdx > 0, foreveryφ > 0, φ ∈ W1,p
0 (U);

therefore , v is a continuous supersolution of ( 9 . 1 ) such that limx→z v(x) = +∞, for

everyz ∈ ∂U.

Let un denote the continuous solution of the problem∫
U

| ∇u |p−2 ∇u · ∇φdx+

∫
U

buαφdx = 0, φ ∈ W1,p
0 (U)

u = n ∈ N on∂U

By the comparison principle we have 0 6 un 6 v for all n and by the convergence
property , the function u = supn un is a regular Evans function for H and U. �



Theorem 9 . 3 . Let α > p− 1 and le t U be a s tar domain and b continuous and
s trictly positive function on Rd. Assume that th e conditions in Theorem 9 . 1 are
satisfied . If th ere exists a regular Evans function u associated with U and Hα, then
u is unique .

The proof is the same as in [ 4 ] and [ 6 ] when b ≡ 1.
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