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Abstract The frequency-locking area of 2:1 and 1:1
resonances in a fast harmonically excited van der Pol—
Mathieu—Duffing oscillator is studied. An averaging
technique over the fast excitation is used to derive an
equation governing the slow dynamic of the oscilla-
tor. A perturbation technique is then performed on the
slow dynamic near the 2:1 and 1:1 resonances, re-
spectively, to obtain reduced autonomous slow flow
equations governing the modulation of amplitude and
phase of the corresponding slow dynamics. These
equations are used to determine the steady state re-
sponses, bifurcations and frequency-response curves.
Analysis of quasi-periodic vibrations is carried out by
performing multiple scales expansion for each of the
dependent variables of the slow flows. Results show
that in the vicinity of both considered resonances, fast
harmonic excitation can change the nonlinear charac-
teristic spring behavior from softening to hardening
and causes the entrainment regions to shift. It was also
shown that entrained vibrations with moderate ampli-
tude can be obtained in a small region near the 1:1 res-
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onance. Numerical simulations are performed to con-
firm the analytical results.
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1 Introduction

In this paper, we study the effect of a fast harmonic
excitation (FHE) on the entrainment area of the 2:1
and 1:1 resonances in a van der Pol-Mathieu—Duffing
oscillator. Entrainment or frequency-locking phenom-
enon was investigated by many authors. Tondl [1] in-
vestigated self- and parametrically (SP) excited oscil-
lators with one and two degrees of freedom and pro-
vided entrainment areas. Schmidt [2] analyzed inter-
action of SP excited vibrations while Szabelski and
co-workers [3, 4] examined the interaction between
parametric, nonparametric and self-excited vibrations
in systems with one or two degrees of freedom. Bel-
haq and co-workers [5-7] studied SP excited oscilla-
tor near the strong resonances 1:1, 2:1, 3:1 and 4:1 and
determined the entrained oscillations and the quasi-
periodic zones. Yano [8, 9] considered vibrations of
SP excited systems and determined amplitude modu-
lation of the quasi-periodical vibrations and synchro-
nized motion while Abouhazim et al. [10] investigated
entrainment near the 2:2:1 resonance in an SP quasi-
periodic Mathieu oscillator. Recently, Pandey et al.
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[11] studied frequency-locking in a forced Mathieu—
van der Pol-Duffing system near the principal reso-
nances and provided application in optically driven
MEMS resonators [12].

The present paper analyzes the effect of a FHE on
the dynamic of a van der Pol-Mathieu—Duffing oscil-
lator. Attention will be focused on the influence of
FHE on the frequency-locking area corresponding to
the 1:1 and 2:1 resonances. The study of the FHE ef-
fects on the slow dynamic of mechanical systems has
been considered in recent years [13, 14]. A such exci-
tation can affect certain characteristics of systems such
as equilibrium stability [15], linear stiffness [16], nat-
ural frequencies [17], damping [18], stick-slip dynam-
ics [19, 20], symmetry breaking [21] and Hopf bifur-
cation [22, 23]. For details on FHE effect, see [24].

The paper is organized as follows: In Sect. 2, we
use an averaging technique to derive an SP excited
equation governing the slow dynamic of the oscilla-
tor. Section 3 is devoted to the 2:1 resonance case. The
multiple scales method is applied on the slow dynamic
to derive an autonomous slow flow. Analysis of equi-
librium points of this slow flow provides analytical
approximations of the amplitude of the entrained re-
sponse. The limit cycle is investigated by constructing
analytical expressions of the periodic solution of the
slow flow. We perform numerical study and we com-
pare the obtained results to the analytical finding for
validation. In Sect. 4, similar analysis is performed for
the 1:1 resonance case. Section 5 concludes the work.

2 Slow motion

Consider the following van der Pol-Mathieu—Duffing
oscillator subjected to a FHE

¥+ (1 —hcos wt)x — (o — px?)i — yx?

=a2? cosx cos £2t, (1)

where damping «, B, nonlinearity y and excitation
amplitudes & and a are small. An overdot denotes dif-
ferentiation with respect to time ¢. We assume that the
frequency £2 is large compared to @ such that reso-
nance phenomena with the frequency £2 are avoided.
To analyze the influence of high-frequency exci-
tation on the slow dynamic of system (1), we use
the method of direct partition of motion (DPM) [25]
by introducing two different time scales: a fast time
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To = §2t and a slow time T = ¢t. We split up x(¢) into
a slow part z(77) and a fast part ¢ (Tp, T1) as follows

x(t) =z(T1) + €¢(To, Th), @)

where z describes slow main motions at time-scale of
oscillations, €¢ stands for an overlay of the fast mo-
tions and € indicates that €¢ is small compared to z.
Since §2 is considered as a large parameter we choose
€ = 271, for convenience. The fast part €¢ and its
derivatives are assumed to be 27 -periodic functions of
fast time Tp with zero mean value with respect to this
time, so that (x(r)) = z(T1) where () = - [ () dTp
defines time-averaging operator over one period of the
fast excitation with the slow time 77 fixed.
Introducing Di] = a?—jTl yields % = 2Dy + Dy,

j—fz = 22D} + 22D¢D; + D? and substituting (2)

into (1) gives
€ 'Dj¢ +2DyD1¢ + €Di¢ + Diz
+ (1 = hcoswTi)(z + €)
— (¢ = Bz +€¢)*)(Dop + D1 + D2)
—y(z+e¢)’
= 1(af)cos(z + ) cos T. 3)

Averaging (3) leads to

D3z + (1 —hcos wTi)z — (a— ,Bzz)Dlz -y

=€_1(a.Q)<COS(Z+6¢) cos Tp). (Y]
Subtracting (4) from (3) yields

e 'D3¢ +2DgD1¢ + €Dip + (1 — hcos wTy)egp
— (o« — B2%)(Do¢ + €D19)
+ B(2e¢ + €2¢*)(Do¢ + € D1 ¢)
— ]/(36Z2¢) +3e2z¢% + e3¢3)
=€ 1(af2)cos(z + €¢) cos Ty
— e ' (af2)(cos(z + €g) cos T). (5)

An approximate expression for €¢ is obtained from (5)
by considering only the dominant terms of order € !
as

Di¢ = (as2) coszcos Ty, (6)
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where it is assumed that a2 = O (€”). The stationary
solution to the first order for ¢ is written as

€¢p = —acoszcosTp. 7

The equation governing the slow motion is derived
from (4). Inserting cos(z + €¢) = cosz — e€¢sinz +
0(€?) into (4) and retaining the dominant terms of or-
der €0, we obtain

D}z +4 (1 —hcos oT)z — (@ — Bz*) D1z — y2°
= —(af2)sinz{¢ cos Ty). (8)

Inserting ¢ from (7) and using that (cos®Tp) = 1/2,
we find the approximate equation for slow motions

D%z + (1 —hcos wTy)z — (a — f}zz)Dlz — )/z3

= %(a.Q)2 coszsinz, ©)]
which is similar to the original equation (1) in which
the nonautonomous term a£27 cos x cos £21 is replaced
by the autonomous one %(a.Q)2 cos zsinz. We focus
the analysis on small vibrations around the origin by
expanding in Taylor’s series the terms sinz ~ z —z° /6
and cosz =~ 1 — z2/2. Keeping only terms up to order
three in z, (9) becomes

1
D%z + (1 - E(a.Q)2 — hcoszl)z

— (e — B2*)Diz — <y — %(a.(?)z)f =0. (10)

In (10), the influence of the frequency 2 is introduced
in the natural frequency of the system and in the non-
linear stiffness coefficient as well. This equation can
be written as

7+ (a)(% —hcoswt)z — (o — ,8z2)z' —£22=0 (11)

where wf =1 — 3(a$2)?, £ =y — 1(af2)* and an
overdot denotes differentiation with respect to time ¢.

3 The 2:1 resonance

We express the 2:1 resonant condition by introducing
a detuning parameter o according to

2

w
g = - o (12)

Following [26, 27], we apply a double perturbation
technique by introducing two bookkeeping parameters
w and n. To implement the first perturbation to derive a
slow flow, we use the parameter u, and to investigate
periodic solutions of the slow flow we use a second
perturbation technique by considering the other para-
meter 7).

3.1 Slow flow and entrainment

We rewrite (11) as

2

7+ %Z=M{— oz+ (o — B2z +&2° + hzcoswt].

13)

Using the multiple scales technique [28], we seek a
solution to (13) in the form

2(t) = 20(T1, o) + pz1 (Ty, T) + O (1?), (14)

where Ty =t and T> = ut. In terms of the variables T;,
the time derivatives become % =Di+uDr+ O(,uz)
2 i j
and 57 = D% +2uD1 Dy + O(u?) where Di] = a?-—/Ti.
Substituting (14) into (13) and equating coefficients of

like powers of 1, we obtain
— Order u:
2

2 o
Dizo + 4Z()—0. (15)

— Order p':

2 »’
Diz1 + Zu= —2D1 D370 — 020

+ (e — Bz§) Dizo
+ &2 4+ hzocos 0Ty (16)

The solution to the first order is given by

20(T1, T2) =r(T2)COS(§T1 +9(T2)>- A7)

Substituting (17) into (16), removing secular terms
and using the expressions fl—; = uDyr + 0 (u?), ‘fl—? =
uD20 + O(u?), we obtain the slow flow modulation
equations of amplitude and phase

dr « B 3 h .

— = —r — —r’ — —rsin(26),

dt 2 8 20 (18)
do o 3¢ , h

— =—— —r" — —cos(26).

dt o 4o 2w

@ Springer



M. Belhaq, A. Fahsi

Fig. 1 Amplitude frequency response near 2:1 resonance. Analytical approximation: Solid (for stable) and dashed for (unstable).

Numerical simulation: circles

This slow flow is invariant under the transformation
6 - -0+ %, 0 — —o and £ — —£. Thus, system
(18) can take the form

dr « B ;3 h .

— = —r — —r> — —rsin(260),
do so  3s& 5, h

— =— — —r" — —cos(20),
dt w 4w 2w

where s = £1. Equilibrium points of the slow flow

(19), corresponding to periodic oscillations of (11), are

determined by setting % = % = 0. Using the relation

cos20 + sin’# = 1 and we define p = r?

the following quadratic equation in p

B> 9*\ , [aB 30&
(64+16w2 P 8 T 2w2 )
0{2 02 h2

B 20
t ot T, (20)

, we obtain

Equation (20) has two real roots if the discriminant A
is nonnegative. This gives the condition

(o 3oE\?
A‘<R+m)

/32 952 aZ 0_2 h2
(£ 4 )0 @1
(64+16w2 PRyl R
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These solutions are positive if the two following con-
ditions are held

a? o2 h?

C=—+——-——5>>0
2 2 ’
4/3 c;) . ) (22)
[0 o
B = T + 7 > 0.
Furthermore, (20) has only one positive root if
2 2 2
h
c=% 42 % _o (23)

4  w? 4e?

In what follows, we fix the parameters o = 0.01, 8 =
0.05, y =0.04, h =0.3 and a = 0.02.

In Fig. la the frequency response curve, as given
by (20), is presented for £2 = 0. The effect of the ex-
citation frequency £2 on the frequency-locking area is
illustrated in Fig. 1b for £2 = 40. It can be seen that as
the frequency 2 increases, the entrainment area shifts
left and the nonlinear characteristic stiffness changes
causing the system to switch from softening to harden-
ing behavior. Analytical approximations (solid line for
stable oscillations and dashed line for unstable ones)
are compared to numerical integration (circles) using
a Runge—Kutta method.

Figure 2a illustrates the bifurcation curves of peri-
odic solutions of the slow dynamic (11) for £2 =0. We
can distinct four regions. In region I, where conditions
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(21) and (23) are satisfied, there are two possible so-
lutions: an unstable trivial solution and a larger stable
one. Within region II, where conditions (21) and (22)
are satisfied, there are three possible solutions: one un-
stable, one larger stable and the trivial unstable solu-
tion. Within the regions III and IV only an unstable
trivial solution exists. In these regions, a limit cycle
exists and it is stable. Figure 2b is plotted for £2 =40
showing the effect of £2 on the bifurcation curves. It
can be seen that as 2 increases, region I jumps from
the right branch of the curve A = 0 to the left one
causing an exchange between regions II and III inside
the curve A = 0. This behavior is consistent with the
change of the backbone curve in Fig. 1.

3.2 Slow slow flow and limit cycle

In this section, we construct analytical approximation
of the limit cycle of the slow flow (19) correspond-
ing to quasi-periodic motion of the slow dynamic (11).
We transform the polar form (19) using the variable
change

u=rcos), v=—rsinf 24)

to the Cartesian system

du_ so+h ’
dr ~ \w 2w

0.5 T
(b) Q=40
0.45F C=0 —

0.4r

A=0
0.35-

0.25-

0.2r

0.15f (IV)

oqp A0

0.05¢

(Iv)
0 Il Il Il Il Il Il Il
0 05 1 15 2 25 3 35 4

where the parameter 7 is introduced in the damping
and nonlinearity to implement the second perturba-
tion method. Approximation of periodic solutions of
the slow flow (25) can be obtained by using a multi-
ple scales perturbation technique [26, 27]. We expand
solutions as

u(t) = uo(T1, T2) + nui(T1, T2) + O (n?),

(26)
(1) = vo(T1, T2) + ni(T1, T2) + O (n?),

where 71 =t and T, = nt. Introducing D; = %
yields j—t =D1+nDy+ 0(172), substituting (26) into
(25) and collecting terms, we get

— Order n°:
D%uo + v2u0 =0,

<% + %)vo = Diuo.

— Order n':

27

D%ul +v2u1
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Q=40

Fig. 3 Effect of the frequency 2 on the entrainment area and on the modulation amplitude vibration for the 2:1 resonance

so h o
= (— + —) [—Dzvo +5v

w 2w
B 3s& 2 2
— (gv() — Euo (l/lo + UO)
o
— D1 Doug + EDluo
3s&
— Dy I:(guo + Ev()) (u(z) + v%)i|,
so n h
w 2w vl
o
= Diuy + Dyug — S o

B 3sé
+ (g“o + @W) (u + v5);

(28)

where v = /(%)% — (%)2 is the proper frequency of

system (25) corresponding to the frequency of slow
flow limit cycle. The solution to the first order system
(27) is given by

uo(T1, Tr) = R(T2) cos(vT1 + ¢(T2)),

vo(T1, T>) = —ﬁR(Tz) sin(vT) + @(T2)).
ot

(29)

@ Springer

Substituting (29) into (28) and removing secular terms
gives the following autonomous slow slow (s.s.) flow
system on R and ¢

dR « sBo 3
-~ ——R-—"" R’
dt ~ 2 8so + 4h

do 3sE(802 + h?) R
dt 8w(2s0 +h)VacZ —h2

(30)

Equilibria in (30) are obtained by setting % =0 and

given by

R=0. R= /w' (31)
sBo

The nontrivial equilibrium in (31) will correspond to
the amplitude of the limit cycle of the slow flow (25)
and to quasi-periodic oscillations in the slow dynamic
(11). In Figs. 3a, b we draw for the two different val-
ues £2 = 0 and £2 =40 the analytical amplitude of the
slow flow limit cycle, (31), and the entrainment area as
given by (20). The curves labelled L™ correspond to
s =41 in (31) and the curves labeled L™ correspond
to s = —1. The numerical modulation amplitude vi-
brations (quasi-periodic oscillations) are marked with
double circles connected with a vertical line. Compar-
ison between analytical results and numerical integra-
tion of the modulation amplitude motion shows a good
agreement.
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Fig. 4 Comparison between analytical approximation (solid line) of periodic solution, (32), and numerical integration (plus signs) of
the slow flow (25) near the 2:1 resonance

The approximate periodic solution of the slow flow Kutta method. Figures 4a, c are plotted for s = 41 and
system (25) is written as Figs. 4b, d are plotted for s = —1.
The approximate quasi-periodic oscillation of the

u(t) = Reos(vt + @), slow dynamic system (11) is written as

2vw . (32)
v(t) = ———Rsin(vt + @), w w
(2s0 +h) z2(t) =u(t) cos<§t> +v(t) sin(at). (33)
where ¢ is given by (30). To validate the analytical
finding, we show in Fig. 4 comparison between the Finally, the quasi quasi-periodic response of the orig-
approximate periodic solution (32) and the numeri- inal system (1) is given by (2), (7) and (33). In Fig. 5,
cal integration of the slow flow (25) using a Runge— we present examples of time histories of the slow dy-
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0=1.7

1 1 1 1 1 1 1 1 1
800 820 840 860 880 900 920 940 960 980 1000
t

‘ =2

20

1 1 1 1 1 1 1 1 1
900 910 920 930 940 950 960 970 980 990 1000
t

w=1.7

_5 1 1 1 1 1 1 1 1 1
800 820 840 860 880 900 920 940 960 980 1000
t

2 T
®=2.2

0.5 I

z(t) o i

1t 4

2 1 1 1 1 1 1 1 1 1
800 820 840 860 880 900 920 940 960 980 1000

t

Fig. 5 Examples of time histories of the slow dynamic z(¢) by numerical integration of system (11) for 2 =0

namic z(#) obtained by numerical simulation of sys-
tem (25) for some values of w picked from Fig. 3a.

4 The 1:1 resonance

We express the 1:1 resonant condition by introducing
a detuning parameter o according to

wg=w’+o (34)

and we introduce a bookkeeping parameter p such that
(11) is rewritten as

i+ w’z =p{-oz+az — Bz +£7° + hzcoswt}.
(35)

@ Springer

4.1 Slow flow and entrainment

Using the multiple scales technique, we seek a solu-
tion to (35) in the form
z(t) = zo(T1, T, T3) + pz1 (11, T2, T3)

+ 1P2a(T1, Tr, T3) + O (1), (36)
where Ty =t, T = ut and T3 = uzt. In terms of the
variables T;, the time derivatives become % =D+

2
uDy + u*D3 + O(1?) and 4 = D} +2uD1Ds +

w?(2D1 D3 + D%) + O () where Dij = £—JT Substi-
tuting (36) into (35) and equating coefficients of like
powers of i, we obtain

— Order u0:

D?z0 + 0?20 = 0. (37)
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Fig. 6 Amplitude frequency response near 1:1 resonance. Analytical approximation: Solid (for stable) and dashed for (instable).

Numerical simulation: circles

— Order p':
Dizi +w’z1 = —0z0 +aD1z0 — Bz D120
+£23 + hzgcos Ty — 2D; Dazo.
(33)
— Order p?:

D%zz + o’z
= (—a —2Bz0D1z0 + 3&1(2) + hcos a)Tl)Zl
+ (@ — Bz3) (D121 + D2z0)
—2D1D3z0 —2D1Dyz1 — D%ZO~ (39
The solution to the first order is given by
20(T1, Tz, T3) = r(Ta, T3) cos(oTy + 6(T2, T3)). (40)

Substituting (40) into (38) and (39) and removing sec-
ular terms, we obtain the modulation equations

Dor = Er - §r3,
41

Dy 20 5 _ W sin(26)

r= r-— —vr ,

3 16w? w3

3
D=2 %2
20 8w

o2 o? h?
D =—— — — —

8w3 8w 1203

2
+ (a,B + E)r2 — h—cos(29).

(42)

8w | 163 83

Combining (41) and (42) into the expressions % =

wuDar + u*Dsr, % = D0 + > D36, we obtain the
following slow flow modulation equations of ampli-
tude and phase

dr 3 .

— = Agr — A1r° — Hrsin(20),

% (43)
= Bo — Bir* — H cos(20),

a é 30(%1 (o2 o o
where Ag =3, Al=5—c7. Bo=75;,— 53585 —
2
Bp 3 _af _ 3ot

1203’ T8 8w 16w?

oscillations of (11) are given by setting in (43) % =
% = 0. Using the relation cos>6 + sin’6# = 1 and we
define p = r2, we obtain the following quadratic equa-

tion in p

2 ..
and H = Sh?. Periodic

(AT + BY)p® = 2(A0A1 + BoBi)p
+ Al + B — H*=0, (44)

which has two real roots if the discriminant A is non-
negative. This gives the condition

A = (ApA; + BoBy)?
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45F

3.5r¢

o
T

051

0
0.8 1

Q=40

Fig. 7 Amplitude frequency response near 1:1 and 2:1 resonances. Analytical approximation: Solid (for stable) and dashed for (un-

stable)

0.8

0.6

041

0.2r

Fig. 8 Bifurcation curves of periodic solutions of the slow dynamic (11) near 1:1 resonance

— (A? + B}) (A3 + B3 — H?) > 0. (45)

These two solutions are positive if the two following
conditions are held

C=A}+B}—H*>0,

(46)
B =ApA| + ByB; > 0.

@ Springer

Equation (44) has only one positive root if
C=A}+B}—H?*<0. 47)

In Fig. 6, we present the frequency response curves
near the resonance 1:1, as given by (44), for 2 =0
and £2 =40. As for the 2:1 resonance case, increasing
the frequency £2 shifts the entrainment area left and
changes the nonlinear characteristic stiffness. Com-
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0.5r

0.9 0.95 1 1.05
0]

25
(b) Q=25

0.5F

Fig. 9 Effect of the frequency £2 on the entrainment area and on the modulation amplitude vibration near 1:1 resonance

parisons between analytical approximations (solid and
dashed line) and numerical integration (circles) using
a Runge—Kutta method is provided. Figure 7 illustrates
the frequency response curves for both 1:1 and 2:1 res-
onances offering a global view of the two entrainment
regions.

Figure 8 illustrates the bifurcation curves of periodic
solutions of the slow dynamic (11) for £2 =0 and
£2 = 40. Note that the dynamic here is similar to that
of the 2:1 resonance case. Figure 8b plotted for £2 =
40 shows the effect of 2 on the bifurcation curves.
Similar behavior as for the 2:1 resonance can be seen,
that is, as £2 increases, region I switches from the right
branch of the curve A = 0 to the left one causing an
exchange between regions II and III inside the curve
A=0.

4.2 Slow slow flow and limit cycle

Following the same analysis as for the 2:1 resonance
case, we construct analytical approximation of the
limit cycle of the slow flow (43) corresponding to
quasi-periodic motion of the slow dynamic (11) near
the 1:1 resonance.

The Cartesian system corresponding to the polar form
(43) is written as

du_

= (B H
R (Bo+ H)v

Aou — (Aru + Byv) (u? + v
. +T){ ou — (Aru+ 1v)(u +v )}, 48)
i —(Bo— H)u

+n]Aov — (A1v — Biu) (u® + 7)),

where the parameter 7 is introduced in the damping
and nonlinearity to implement the second perturbation
step. Using the multiple scales method, the solution to
the first order of system (48) is given by

ug(t) = Rcos(vt + ¢),

— Y Rsin(vi+9) “9)
(Bo+ H) o

vo(t) =
where v =,/ BS — H? is the proper frequency of sys-
tem (48) corresponding to the frequency of slow flow
limit cycle. The amplitude R and the phase ¢ vary with
time according to the following autonomous s.s. flow
system

dR BoA

—— = AgR - i Uil R3,

dt Byo+ H
do B1 (2B} + H?) . (50)

dt 2By + H),/B2 — H?

Equilibria in (50) are given by

Ao (B H
R =0, R— /M. 51
ByAq

@ Springer
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Fig. 10 Comparison between analytical approximation (solid line) of periodic solution, (49), and numerical integration (plus signs) of

the slow flow (48)

The nontrivial equilibrium in (51) corresponds to the
amplitude of the limit cycle of the slow flow (43)
and to quasi-periodic oscillations in the slow dy-
namic (11).

In Figs. 9a, b we draw for the two different val-
ues 2 =0 and £2 = 25 the analytical amplitude of the
slow flow limit cycle, (51), and the entrainment area
as given by (44).

The analytical expression of the limit cycle am-
plitude, (51), provides the curves labeled L. How-
ever, the curves labeled L~ can be obtained follow-
ing a similar reasoning as for the 2:1 resonance case.
In fact, since system (43) has the same form as sys-
tem (18), the invariance of system (18) under trans-
formation 0 — —0, § - —& and 6§ — 7 — 6 can
be obtained in system (43) with the transformation

@ Springer

By — —Bo, B — —Bj and 6 — 7 — 6. In this case,

the analytical limit cycle amplitude, (51), can take the
form

Ao(s B H
R = M (52)
sByAjq

Hence, the curves L™ can be obtained by setting s =
—11in (52); see Fig. 9.

The numerical modulation amplitude vibrations
(double circles connected with a vertical line) and the
analytical results (solid lines) are shown for compar-
ison. Figure 10 shows comparison between the ap-
proximate periodic solution, (49), and the numeri-
cal integration of the slow flow (48) using a Runge—
Kutta method. Figures 10a, c are plotted for L™ and
Figs. 10b, d are plotted for L™ . Finally, Fig. 11 gives
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Fig. 11 Examples of time histories of the slow dynamic z(¢), near 1:1 resonance, by numerical integration of (11) for £2 =25

examples of time histories of the slow dynamic z(¢)
near 1:1 resonance obtained by numerical simulation
of (11) for some values of w picked from Fig. 9b.

5 Conclusion

The influence of a FHE on the frequency-locking area
of 2:1 and 1:1 resonances in a van der Pol-Mathieu—
Duffing oscillator has been studied analytically and
numerically. The application of the DPM technique
followed by two successive multiple scales methods
reduces successively the original oscillator to a slow
dynamic, a slow flow and an s.s. flow. The analy-
sis of equilibria of slow flow and s.s. flow provides
information on periodic and quasi-periodic oscilla-
tions of the slow motion of the system, respectively.

Results show that in both resonance cases FHE can
change the nonlinear characteristic spring behavior of
the system and causes the entrainment area to shift.
In contrast, no significant effect on the amplitudes
of both entrained and quasi-periodic responses is no-
ticed. This result suggests that controlling and ad-
justing the entrainment area to a desired frequency
range for a considered resonance may be achieved
by acting only on the fast frequency excitation £2.
This study shows also that entrained vibrations with
moderate amplitudes can be achieved in a narrow
zone near the 1:1 resonance. In contrast, the entrained
motions near the 2:1 resonance can have relatively
large amplitudes (Fig. 7). This result of realizing en-
trained vibrations with relatively small amplitude may
be of interest from engineering applications point of
view.
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